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Abstract

We introduce and study so-called C-separation properties leading to a fine hierarchy
of spaces with the Hurewicz property (J fm((’),l“). By definition, a topological space X
has the C-separation property for a class C of spaces if for any embedding X C C' into
a space C € C there is a o-compact subset A C C containing X. It turns out that
the classical Hurewicz property is equivalent to the Gs-separation property for the class
Gs of Polish spaces. On the other extreme there are Sierpinski sets having the UM-
separation property for the class UM of universally measurable spaces. We construct
several examples distinguishing the C-separation properties for various descriptive classes
C and also study the interplay between the C-separation properties and the selection

principles |J Fin c,1m).

Introduction

Trying to define a covering counterpart of the o-compactness, W. Hurewicz [Hu] introduced
spaces currently refered to as Hurewicz spaces or, in the modern terminology, spaces satisfying
the selection principle | fm(O, I'). Namely, a topological space X is called Hurewicz (equiva-
lently, satisfies (g, (O, T')) if for any sequence (u,)ne. of open covers of X in each cover u,, one
can choose a finite subfamily v, C w, so that (Uv,),e, is a y-cover of X. The latter means
that each point z € X belongs to all but finitely many sets Uv,.

It is clear that each o-compact space is Hurewicz and each Hurewicz space is Lindelof.
Thus working with metrizable Hurewicz spaces, it is natural to restrict ourselves to metrizable
separable spaces. That is why in this paper all spaces are assumed metrizable and separable.

Hurewicz spaces need not be o-compact, see [JMMS]. However, they can be characterized
with help of o-compact sets as follows [JMMS, Theorem 5.7]: a metrizable space X is Hurewicz
if and only if for any embedding X C X into a complete metric space X there is a o-compact
set A with X € A ¢ X. Having in mind this characterization of the Hurewicz property, let
us define a stronger property depending on a class C of topological spaces and called the C-
separation property. Namely, we define a topological space X to have the C-separation property
if for any embedding of X into a space C' € C there is a o-compact subset A with X C A C C.
Therefore, in the framework of metrizable separable spaces the Hurewicz property is equivalent
to the Gs-separation property, where Gs stands for the class of Polish (= absolute Gs-) spaces.
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In this paper we shall study the C-separation property for some other Borel and projective
classes of spaces. The interest to such kind of activity was motivated by Problem 2 [JMMS]
concering the Scheepers diagram. This problem was reduced in [Zd] to finding a Hurewicz
subspace H C Z3*“ that algebraically generates the subgroup

G={reZy VkcwancwVm>n (vy,=0)}

of Z5*“. The group G is not o-compact but belongs to the Borel class F,s of absolute Fs-
sets. This implies that the group GG cannot be generated by a subset having the F,s-separation
property. In this situation, taking into account that Hurewicz spaces have the Gs-separation
property, it is natural to ask if they have the stronger F,s-separation property, see [Ts]'.
Surprisingly, the answer to this question is consistently “not”, see Theorem 1(1) below. So the
Gs- and F,s-separation properties are distinct and hence C-separation properties for various
Borel classes do provide a non-trivial hierarchy of Hurewicz spaces.
We shall be interested in the following classes of metrizable separable spaces:

e F, the class of all compacta (=absolute closed sets);
e G5, the class of all Polish spaces (= absolute Gs-sets);

e GsF., the class of spaces that can be written as the union of a Polish and a o-compact
subspaces;

e 0§s, the class of o-complete spaces (= countable unions of closed Polish subspaces);
e B, the class of absolute Borel spaces;

e A, the class of analytic spaces (a space X is analytic if it is a continuous image of Polish
spaces);

e UM, the class of universally measurable spaces (a space X is universally measurable if
for any embedding of X to a Polish space Y the set X is measurable with respect to any
Borel probability measure p on Y).

By [Ke, Theorem 21.10] each analytic space is universally measurable, so we have the chain
of inclusions

FCGsCGsF,CcBCACUM

determining the hierarchy of the corresponding separation properties:
oGg-separation

0

U M-separation = A-separation = B-separation = GsF,-separation = Gs-separation

(U 0

o-compact Hurewicz

'We were not aware of the consistently negative answer to this question (given by Theorem 1(1)) at the
moment of publication of [Ts].



The equivalence between the Gs- and oGs-separation properties will be proved in Theo-
rem 1(2). An example of a non-o-compact space with the U M-separation property was ac-
tually constructed by W.Sierpinski [Si]. We recall that a subset S of the real line R is called
Sierpinski if S is uncountable but has countable intersection with each Lebesque null subset of
R. Such sets can be easily constructed under (CH) but do not exist under (MA+—-CH). Having
in mind the notion of a Sierpinski set, let us define a subset S C R to be k-Sierpinski for a
cardinal k if |S N N| < k for every Lebesgue null set N C R. Thus a Sierpinski set is exactly
an uncountable N;-Sierpiriski set. In Theorem 1(3) we shall show that each N;-Sierpiriski set
has the U M-separation property. The A-separation property (which is weaker than the U M-
separation property) can be established for the wider class of b-Sierpiniski sets with help of the
selection principle (J;, (A, I') defined by analogy with (J;,(O,T') as follows.

Given a class C of spaces and a space X, let C(X) be the family of subsets C' C X for which
there is a metrizable compactification X of X and a subset C' € C of X with C = C' N X.
Observe that B(X) is the family of all Borel subsets of X while A(X) is the family of Souslin
subsets of X (i.e., subsets obtained by application of the Souslin A-operation to the family of
closed subsets fo X).

We shall say that a topological space X satisfies the selection principle | J fm(C , ) if for any
sequence (uy)new of countable covers u,, C C(X) of X in each cover u, we can choose a finite
subcollection v, C u, such that the sequence (Uv,)ne, is a y-cover of X. Let us mention that
the selection principle (Jg,(B,T') (denoted by (J;, (B, Br)) was introduced and studied in [ST].
It turns out that in a suitable model of ZFC each space X € (Jg, (B,T') is countable!

In the following diagram we collect all known relations between the C-separation properties
and the corresponding selection principles Uﬁn (C,T) for various classes C.

oGg-separation

o-compact = U M-separation = A-separation = B-separation = GsF,-separation = Gs-separation

0t 1 f f 0

N;-Sierpiniski = b-Sierpifiski = Uz, UM.T) = Uz, (B.T) <  Up(F.I) = Ug(O,D)

The equivalence (g, (B,I') & Ug, (F,T') was proved in [BRR]. All other non-trivial impli-
cations from the above diagram are proved in the following

Theorem 1. 1. Under b =0 there is Borel space X and a Hurewicz subspace H of X such
that X is the union of a Polish space and a o-compact space, but no o-compact subspace
of X contains H. Consequently, there exists a Hurewicz space H failing to have the
GsF,-separation property.

2. The selection principle Uﬁn((’), ') is equivalent to the Gs-separation property and is equiv-
alent to the 0Gs-separation property.

3. FEvery Ny-Sierpinski set has the UM -separation property.

4. b-Sierpiniski sets satisfy the selection principle Jg, (UM, T').
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5. Every topological space X € Jg, (B,T') has the B-separation property.
6. Every topological space X € Uﬁn (UM, T) has the A-separation property.

7. Each uncountable space X of size | X| < min{b,non(L)} is b-Sierpinski and hence has
the A-separation property but fails to have the UM -separation property.

Here by non(£) we denote the smallest cardinality of a subset S C R that does not belong
to the o-ideal L of Lebesgue null subsets of R.

Taking into account that the class Uﬁn(B, I') can consistently be equal to the class of
countable spaces, we can ask

Problem 2. s it consistent that each space with the B-separation (resp. A-, UM-separation)
property is o-compact?

At the moment we have only a consistent example distinguishing the Gs- and F,s-separation
properties and a consistent example distinguishing the A- and U M-separation properties. What
about the other separation properties?

Problem 3. Is there a space with the F,s-separating property but without the B-separation
property? Is there a space with the B-separating property but without the A-separation property?

1 Proof of Theorem 1

First we introduce some notations. As expected, w stands for the discrete space of all finite
ordinals; @ = w U {oo} is a convergent sequence with the limit point oo, which is assumed to
be larger than all elements of w. We denote by

e w* the space of all functions from w to w, endowed with the Tychonov topology;
o w{ the dense subspace of w*, consisting of all eventually zero sequences;

e w!“ the closed subspace of w®, consisting of non-decreasing functions;

) wgw the dense subspace of w'*, consisting of all bounded non-decreasing functions;
e &% the space of all non decreasing elements of &¥;

o Vlv={z e :InewVm>n z, = o0} the countable set of all “eventually infinite”
elements of ©*.

For z,y € w¥, the notation < y (resp.  <* y) means that z,, < y,, for all (but finitely many)
n € w. The smallest cardinalities of an unbounded and dominating subsets of w* with respect
to <* are standardly denoted by b and 0, respectively (see [Va] for more details).

By a b-scale we understand a transfinite function sequence B = {b* : a < b} C w!* such
that b <* b for all @ < 3, and B is unbounded with respect to <*.

Theorem 4. (Bartoszynski-Tsaban [BT]). For any b-scale B C w'* the union B|J®!* has
the Hurewicz property g, (O, T).



We are in a position now to present a proof of Theorem 1.

1. The desired space X will be constructed as a subspace of w'®. The latter space is
homeomorphic to the countable product w® with help of the homeomorphism h : w!* — w®
defined by h : (2;)icw — (i — Ti_1)icw (We put z_; = 0). Decomposing w into the countable
union w = (J;o, €% of pairwise disjoint infinite subsets, we obtain a coordinate-permutating
homeomorphism ¥ : w* — [[,. w®. It follows that

P=(¥o h)_l(H wh\ W) ={zew Vi IncQ (2, < Tny1)}

S

is a dense Gj-subset of w!®, where wy’ is the set of all elements of w™ whose all but finitely
many coordinates are equal to 0. Let X = PUw,”.

Claim 1. For every unbounded function f € w!“ the intersection X N | f is not o-compact,
where | f = {g € w* : g < f}. Therefore, X N | f is not contained in any o-compact subspace
of X.

Proof. By the definition of P, PN | f is a dense Gs-subset of | f, and hence |f\ X C |[f\ P
is a meager subset of | f. The set | f\ X contains all unbounded elements y € | f, such that
there exists ¢ € w with the property y,, = y,11 for all n € Q;. Consequently, | f\ X is dense in
Lf

Assume, contrary to our claim, that X N | f = J, ., Cn, where C,, is compact for all n € w.
Since C,, N (|f\ X) =0, C, is nowhere dense in | f for all n € w, and hence X N | f is a meager
subset of | f. Thus the Polish space | f is meager being a union of two of its meager subsets
XN|fand |f\ X, a contradiction. O

Now we return to the proof of the first item of Theorem 1 and assuming b = 9 we shall
construct a Hurewicz subspace H C X. The equality b = 0 yields a transfinite sequence (f%)a,<p
of non-decreasing unbounded functions such that f* >* f? for any o < 3 < b, and for any
non-decreasing unbounded function f € w!* there is an ordinal o < b with f* <* f. By [vD,
Theorem 8.10(d)] (see also [vE]), the family of o-compact subsets of X has cofinality 9%, which
means that there is a family {K,}a<o of o-compact subsets of X such that each o-compact
subset of X lies in some K,. By transfinite induction we can construct a sequence of functions
(2%) a0 C X C w'!* such that

(1) 2 < [

(i1) z* <* 2P for all B < «; and

(1ii) z* ¢ K,
for every a < b. The choice of x® is always possible by Claim 1 and b = 0. Moreover, the way
K, and x® were chosen guarantees that H is contained in no o-compact subset of X. Therefore
it suffices to prove the subsequent

Claim 2. H = w/* U {z®: a < b} has the Hurewicz property.

2As it was shown in [vD], the cofinality of the family of compact subsets of any absolute F,s space is at
most 0. This result was extended in [vE] to the family of all coanalytic spaces. Now, if {L, : @ < 0} is a cofinal
family of compact subsets of X*, then {UJ,,c,, pr,,(La) : @ < d} is a cofinal family of o-compact subspaces of X.



Proof. Set min(@)) = oo. Given any z € @' and n € w, set ¢(z), = min{m € w : x,, > n}.
Then ¢ is easily seen to be a autohomeomorphism of @'*. In addition, (b(wg“’) = @]¥ and
{p(x) : a < b} is a b-scale. It remains to apply Theorem 4. O

2. At first we show that the Hurewicz property Uﬁn((’), I') is equivalent to the Gs-separation
one.

Fix X C Y, where Y is a Polish space and X has the property Uﬁn((’),F). Let Z be
a metrizable compactification of Y. Since Y is a Gs-subset of Z, there exists a decreasing
sequence (Oy)ne, of open subsets of Z such that Y = (1, . O,. For every x € X and n € w
find an open subset U(n,z) of Z such that x € U(n,z) C clz(U(n,x)) C O, and consider
the sequence (u, = {U,. : * € X}) of open covers of X by open subsets of Z. (Here clz(A)
denotes the closure in Z of a subset A C Z.) Since X has the property [Jg, (O, ), there exists
a sequence ([(,)ne, of finite subsets of X such that X C (U,c., (on Yzek, U(m, x). Now, it

sufficies to observe that
F = U ﬂ U clzU(m, x)

ne€w m>n €K,

is a o-compact subset of Y containing X.

Now, assume that X has the Gs-separation property. Let (w,) be a sequence of open covers
of X and Y be a Polish space containing X. Let u, be a family of open subsets of ¥ with
the property w, = {UNX : U € wu,}. For every n € w denote by O,, the union Uu, and set
G = ﬂn6w O,,. Since G D X is a Gs-subset of Y, there exists a o-compact subset F' of Y such
that X C F' C G. Let us write F as a countable union |J,,., F, of its compact subspaces with
the property F, C F, 1 for all n € w. Then for every n € w we can find a finite subset v, of
uy, such that F,, C Uv,. From the above it follows that {Uv, : n € w} is a y-cover of F' D X,
and hence {{J{UNX :U € v,} : n € w}is ay-cover of X, which finishes our proof.

After we know that the properties | ﬁn((’), ') and the Gs-separation coincide, the equivalence
of the Gs-separation and oGs-separation properties follows from the fact that the Hurewicz
property is inherited by closed subsets.

3. Let X be a N;-Sierpinski subset of an universally measurable subset Z of R. Since the
Lebesque measure A is regular [Ke, Theorem 17.10], there exists a o-compact F' C Z such that
AMZ\ F)=0. Since | X N (Z\ F)| <Ry, the union F|JX N(Z\ F) is a o-compact subset of
Z containing X.

4. Let S be a b-Sierpinski subset of R and (u,)ne. be a sequence of countable covers of S
by universally measurable sets. Let us write u,, in the form {U, s : k¥ € w}. The regularity of
A implies that for every n, k € w there exists a Borel (even F,) subset W, of U, such that
(1(Un kg \Wnx) = 0. Therefore [SN(Uy 1 \Wai)| < bforalln,k € w. Set C' =, e, (Uni \ W)
Since b is regular, we conclude that |C'| < b. In addition, for every n € w the family w, =
{Whr + k € w} is a Borel cover of the b-Sierpinski subset S = S\ C of R. As it was
noted in [ST, p. 376], every b-Sierpinski set has the property Ufm(B, I'), and consequently
{Uk<r, Wai 1 n € w} is a y-cover of S’ for some number sequence (k,)ne.-

Since u, is a cover of S for all n € w, for every ¢ € C we can find a number sequence
(mn(¢))new such that ¢ € Uy, (o) Ung for all n € w. By the definition of the cardinal b we
can find a sequence (my,),e, with the property (m,(¢))new <* (My)new for all ¢ € C. A direct



verification shows that

{ U Unk :n € w}

k<max{kn,mn}
is a y-cover of S, which finishes our proof.

5. Let X be topological space with the property Uﬁn(B, '), (Y, 7) be a Polish space, and
B be a Borel subset of (Y, 7) containing X. According to [Ke, Theorem 13.1], there exists a
topology 7 on Y such that 7 D 7, (Y, 71) is a Polish space, B € 7y, and the o-algebras of
Borel subsets of Y generated by 7 and 7; coincide. From the above it follows that the space
(X, 71|X) has the property Uﬁn((’),F), and hence it has the Gs-separation property by the
already proven second item. Consequently there exists a o-compact subspace F' of (Y, 71) such
that X C F' C B (B is open in (Y, 7) by our choice of 71). Then F' is o-compact subspace of
(Y, 7) witnessing for the B-separation property of X.

6. Let X be topological space with the property Uﬁn(l/l/\/l, I'), Y be a Polish space, and
A be an analytic subset of Y containing X. By [Ke, Exercise 14.3], there exists a Polish
space Z and a closed subset C' of Y x Z such that A = pry(C), where pry : (y,2) — y is
a projection onto Y. Then there exists a map f : A — C such that (pry o f)(y) = y for all
y € A and f71(B) € o(A(Y)) for all B € B(Y x Z), see [Ke, Theorem 18.1]. Recall that
AY) CcUM(Y). Applying the standard arguments, we conclude that f(X) has the property
Uﬁn (B,T'), and hence it has the B-separation property by the fifth item. Thus there exists a
o-compact subspace F' of C' with the property f(X) C F. Then pry (F) is a witness for the
A-separation property of X.

7. This item is a direct consequence of the following

Claim 3. A space X is countable if and only if X has the UM-separation property and | X| <
non(L).

Proof. Only the “if” part requires proof. Assume that X C R has size |X| < non(£) and it
has the U M-separation property. From the above it follows that X is universally measurable
(moreover, u(X) = 0 for every atomless Borel measure on R). Therefore there exists a o-
compact space F' such that X C F C X, which means that X is o-compact. Since |X| <
non(L) < |R|, we conclude that X is countable. O
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