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ABSTRACT. In this paper, we classify topologically the homeomorphism groups
H(T') of infinite graphs I' with respect to the compact-open and the Whitney

topologies.
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INTRODUCTION

The aim of this paper is to classify the homeomorphism groups H(T") of infi-
nite graphs I' up to a homeomorphism with respect to the compact-open and the
Whitney topologies.
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By a graph, we understand a 1-dimensional simplicial complex I with the White-
head (or CW) topology. A point v € T' is called a topological vertex of a graph T'
if v has no neighborhood homeomorphic to an open subset of the real line, that
is, v is a branch point or an end-point or an isolated point. It follows from the
definition of a graph that the set I'(®) of topological vertices is closed and discrete
in I and the complement I' \ IT'®) can be written as the disjoint union |J,¢ 4 Fa
of connected components, homeomorphic to the open interval (0,1) or the circle
T = {z € C: |z| = 1}. The closure E, of E, in I' is compact if and only if E,
is homeomorphic to I = [0,1] or T. In case E, = E, ~ T, we call E, an isolated
circle of the graph I'. On the other hand, E, is non-compact if and only if E,, is
homeomorphic to R or R} = [0, 00).

To each graph I" we can assign four cardinal numbers:

e pr — the number of isolated points of T,
or — the number of isolated circles of T,
kr — the number of components of I' \ I'® with compact closure in T,
vr — the number of components of T\ I'® with non-compact closure in T,

and put
er = kr +vr - Ng.

As we shall see later, those cardinal numbers compose one of two ingredients
determining the topological structure of the homeomorphism group H(T") of I" and
some its subgroups, in particular, the subgroup H. (I') of orientation-preserving
homeomorphisms.

A homeomorphism h : I' — I of a graph I is called orientation-preserving if

e A =id;
e for each connected component F, of I'\ T'®) the restriction h|E, is an
orientation-preserving homeomorphism of E.,.

By the support of a homeomorphism A : I' — I', we mean the set

supp(h) = cl{z € T : h(z) # x}.
Besides the group H(T'), we shall be interested in the following subgroups of
H(T):
e H(I') — the subgroup of orientation-preserving homeomorphisms of T';
e H.(I') — the subgroup of homeomorphisms with compact support;
e HPY(I') — the subgroup of PL homeomorphisms of T

Intersecting those subgroups, we obtains other four subgroups of H(T'):
Ho(L) = M+ (D) NH(D), HEH(T) = Hy (D) N HH(T)

HEH(T) = Ho (D) NHPH(T) and HEM(T) = Ho(T) NHH(T).

Those subgroups are important because of the following their property:

Proposition 1. For an arbitrary graph T,

(i) the subgroup H4 (L) (resp. HY™(T')) coincides with the connected component
of the topological group H(T') (resp. HPY(T')) endowed with the compact-
open topology;

(ii) the subgroup Ho(T') (resp. HEY(T')) coincides with the connected component
of the topological group H(T) (resp. HFY(T')) endowed with the Whitney
topology.
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Consequently, H4 (T') and Ho(T') (resp. HY=(T') and HEY(T)) are normal subgroups
of H(T) (resp. HPY(T)).

We recall that the Whitney (or else graph) topology on the space C(X,Y) of
continuous maps from a topological space X to a topological space Y is generated
by the base consisting of the sets I'y = {f € C(X,Y) : I'y C U}, where U runs
over open subsets of X x Y and I'y = {(z, f(z)) : € X'} stands for the graph of a
map f € C(X,Y).

It is known that for each paracompact space X, the homeomorphism group
H(X) C C(X, X) of X endowed with the Whitney topology is a topological group
(see Proposition 4.14 of [4]). In particular, the homeomorphism group H(T') of any
graph I' is a topological group with respect to the Whitney topology.

In contrast, for a paracompact (even locally compact) space X, the inverse op-
eration on the homeomorphism group H(X) needs not be continuous with respect
to the compact-open topology, see [7]. However, in case of a graph T', the home-
omorphism group H(T') is a topological group with respect to the compact-open
topology, see Proposition 15.

As we shall see in Proposition 17, the normal subgroup H(I") is open in the
homeomorphism group H(I') endowed with the Whitney topology. Consequently,
H(T') is homeomorphic to H4(T") x (H(T')/H+(T")). Because of that, it is important
to study the structure of the quotient group H(T')/H(T).

In Section 13, we shall show that the quotient group H(T")/H, (T') is isomorphic
to the automorphism group Aut(f) of a certain directed graph (briefly, digraph) r
associated to the graph I' so that the geometric realization of T is homeomorphic
to I'. The automorphism group Aut(f) can be realized as a closed subgroup of
HPL(T) which implies that H(I') = H (') x Aut(T) is a semi-direct product of
H4 (1) and Aut(T). Also HP™(T') is a semi-direct product of HL(T") and Aut(T).
By Aut.(T), we denote the subgroup of Aut(T’) consisting of automorphisms with
compact support.

1. MAIN RESULTS

The main results of this paper are Theorems 1 and 2 below, which treat the
compact-open and the Whitney topologies of the homeomorphism groups of graphs.
These theorems have similar form but recognining the Whitney topology on home-
omorphism groups turned out to be much difficult comparing to the compact-open
topology.

Below, by I, we denote the separable Hilbert space and by le the linear hull of
the orthonormal basis in [5.

For a group H with the neutral element 0 and a cardinal number &, the small
o-product of x many copies of H is denoted by

HHH: {(9a)acs € H* : {a € k1 go # 0} < No} C H".

To uniformize notation, we shall write [[* H instead of H*.

Theorem 1. Let I be a graph and T be the associated digraph. For the groups H(T")
and Aut(f) endowed with the compact-open topology, there is a homeomorphism

B : H(T) — Aut(T) x []°T x [[* I
such that
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(1) ®(HPL(T)) = Aut(T) x [[°T x []l;
(2) @(H4 () = {id} x [T T x [["la;
(3) ®c(He(D)) = Auto(T) x TIT x [I1;
(4) @ (Ho(T)) = {id} x [I”"T x [ ls.

A similar result holds for the Whitney topology on H(I'). However instead of the
product topology on [[°" T and [[°" I we should consider the box-topology. For a
topological group H and a cardinal x by [J*H we denote the power H" endowed
with the box-topology generated by the base consisting of the boxes []¢,. Ua where
U,, a € H, are open sets in H. By [J"H we denote the set [["H endowed with
the box-topology. If the cardinal k is at most countable then [0” H coincides with
the direct sum ®"H of k many copies of H in the category of topological groups.

Observe that the box-topology coincides with the Whitney topology on [[*H
seen as the space of all functions from the discrete space k to H. Because of that
sometimes we shall refer to the box-topology on [[*H as the Whitney topology.

If the homeomoprhism group H(T') is endowed with the Whitney topology,
then H4(T') is an open normal subgroup in H(I') and hence the quotient group
H(T)/H,(T) = Aut(T) is discrete.

The following theorem resembles Theorem 1 (but has much more difficult proof)
and is our principal tool in recognining the Whitney topology on the homeomor-
phism groups of graphs.

Theorem 2. Let I' be a graph and T be the associated digraph. For the groups
H(T) and Aut(T") endowed with the Whitney topology there is a homeomorphism
By, : H(D) — Aut(T) x 07T x 0Tl
such that
(1) &y (HPH(D)) = Aut(T) x 0T x Ol
(2) @u(H4(T)) = {id} x DT x D71y
(3) @y (He(T)) = Auto(T) x DT T @ E 1
(4) Py (Ho(T)) = {id} x T x °"I5.

As we shall see from the proofs of Theorems 1 and 2, the maps ®. and ®,, are
distinct. This suggests the following open

Problem 1. Let I be a graph and T be the associated digraph. Is there is bijective
map ® : H(T) — Aut(T') x [[”"T x [[*l2, which is a homeomorphism in both
compact-open and Whitney topologies on H(T) and Aut(T') x [T x [[*"12?

Theorems 1 and 2 imply the following topological classification.

Corollary 1. For any graph I the triple (H (), HE*(T'), Ho(T')) of the homeo-
morphism groups endowed with the compact-open and Whitney topology is homeo-
morphic to

(TI°T x [T 0o, [T°T x T8, TI°°T x 17 1a)
and
(0°rT x 01y, 07T x 0T, o7 T x [T ly),

respectively.

A similar classification holds also for the triple (H(T), HFY(T'), Ho(T)).
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Theorem 3. Let I be a non-compact graph. The triple (H(T'), H**(T'), Ho(T')) of
homeomorphism groups endowed with the Whitney topology is homeomorphic to

(i) (2PrFer x [JorT x [Jerly, 2Pr+er x [JorT x [J¢Tly, 1 x [T x [°T,);

(ii) (OerT x Oerly, OorT x Deflg, OerT x Oerly) 4f 2Pr < 2°r,

Here we identify cardinals with the discrete spaces of ordinals of smaller cardi-
nality. Under such a convention, the number 1 = {0} is a singleton.

It is known that the pair ([]“ly, [[“1}) is homeomorphic to (Iy x 1,1 x 1),
see [24, Theorem 1.2]. On the other hand, ((1ly, 1%1]) is homeomorphic to (Iy X
R, lg x R*), see [2]. Here R* stands for the space lg endowed with the strongest
linear topology. This topology coincides with the direct limit topology with respect
to the tower

RCR*CR"C---
where R™ is identified with the subspace {(z;)icw € 1§ : Vi > n, (z; = 0)} C 1.

Corollary 2. IfT' is a non-compact separable graph without isolated circles, then
the pair (Ho(T), HE®(T)) of the homeomorphism groups endowed with the compact-
open or Whitney topology is homeomorphic to (la x lg, lg X l%c) or (la xR, lg xR,
respectively.

Remark 1. Some particular cases of the results about the compact-open and
Whitney topologies on homeomorphism groups of graphs obtained in this paper had
already appeared in the literature. In particular, due to Anderson [1], we known
that the homeomorphism group H(T") of a compact graph T, is an ls-manifold. On
the other hand, endowed with the Whitney topology, the homeomorphism group
Ho(R) of the real line is homeomorphic to Iy x R® 2 [¥],, see [2].

2. RECOVERING THE CARDINALS er, op AND 2Pr+er

In this section we show how to recover the values of the cardinals er, or and
2pPrter from the topological structure of the homeomorphism groups of I'. For a
cardinal number « let

1 if1< N Ny if1< N
\ﬁJ:{ 1 < K < Np, and ’_,ﬂ:{ 0o 1 S R < N,

k otherwise, Kk otherwise.

Proposition 2. For a graph I', the following hold:
(i) The cardinal [er] is equal to the weight of the spaces Hy(T), HE™(T),
Ho(T), and HEL(T) endowed with the compact-open topology.
(ii) The cardinal [er] is equal to the density of the spaces Ho(T) and HEY(T')
endowed with the Whitney topology.
(iii) If T is not compact, then 2PrTer is equal to the number of connected compo-
nents of the spaces H(T) and HYY(T) endowed with the Whitney topology.

Proof. The three items of this proposition follow from the inequality or < er and
the topological equivalences
C o € o €
(H+ (D), Ho™(T)) = (TT"" T x [T ke, [I°°T x [17785),
(Ho(T), HEL(T)) % ([T x [ Iy, BT x 1) and

(H(D), HPL (1)) &

(2PrFer x [O°TT x [T Iy, 2PrFer x 7T x (1)
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established in Theorems 1-3, respectively. O

Recovering the cardinal or is more delicate and requires some algebraic topology.
We recall that the Betti number b1(X) of a topological space X equals the vector
space dimension by (X) = dimg H; (X; Q) of the singular homology group of X with
rational coefficients. Replacing the first homology group H;(X;Q) with the first
Cech cohomology group H 1(X;Q) we obtain the definition of the co-Betti number
b (X) = dimg H(X;Q).

We shall also need a compact modification of the co-Betti number suggested by
Robert Cauty in a personal communication with the first author. The compact
co-Betti number cb'(X) of a topologial space X is defined as

cb'(X) = sup dimg f*(H'(X;Q))
fTK—X
where the supremum is taken over all continuous maps f : K — X from a compact
Hausdorff space K to X and f*: H'(X;Q) — H'(K;Q) is the induced linear op-
erator between the first cohomology groups. It is easy to deduce from the definition

that the compact co-Betti number is a homotopic invariant of a topological space,
which means that c¢b!(X) = ¢b'(Y') for any homotopically equivalent spaces X,Y.

Proposition 3. For every cardinal , the following equalities hold:
b (E°T) = bM([T"T) = b ([I"T) = &.
This proposition will be proved in Section 16. Now we apply it to recover the
value of or from the topological structure of homeomorphism groups of a graph I'.

Proposition 4. The number or of isolated circles of a graph I is equal to:
(i) the Betti number of the homeomorphism groups Ho(T') and HE™(T) endowed
with the Whitney topology;
(ii) the co-Betti number of the homeomorphism groups H. (') and HY™(T) en-
dowed with the compact-open topology;
(iii) the compact co-Betti number of the homeomorphism groups H4 (T'), ’HiL (1),
Ho(T) and HEY(T) endowed with the compact-open topology.
Proof. (i) By Theorem 2, the spaces Ho(T') and HE™(T') endowed with the Whitney
topology are homeomorphic to [T T x [1°T]y and [I°TT x DeFlg, respectively. By
Proposition 1.10 of [4], the contractibility of the groups s, lg imply the contractibil-
ity of the small box products [1°"l, and Deflg. Consequently, the spaces Ho(T")
and HEL(T) are homotopically equivalent to [°TT and hence

b1(Ho(T)) = bi(Hg"(I)) = b1 (" T) = or
according to Proposition 3.

(i) It follows from Theorem 1 that the spaces H4 (I') and HYY(I') endowed with
the compact-open topology are homotopically equivalent to [[°" T. Consequently,
b (H4 (D)) = b (HYH(T) = /([T T) = or

according to Proposition 3.
(iii) It follows from Theorem 1 that the spaces Ho(T') and H{(T') endowed with
the compact-open topology are homotopically equivalent to [[*"T. Consequently,
cb! (Ho(T)) = eb* (HpM()) = eb" ([ T) = or

according to Proposition 3. (]
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3. CLASSIFYING HOMEOMORPHISM GROUPS OF GRAPHS

In this section we discuss the problem of detecting pairs of graphs I', IV having
topologically equivalent homeomorphism groups. For subgroups H C H(I') and

c w
H' C H(I") we write H = H' (resp. H =~ H') if there is a homeomorphism
h : H — H' with respect to the compact-open (resp. Whitney) topologies on H
and H’. The same convention concerns also homeomorphisms of tuples.

Theorem 4. Let I, IV be two graphs. Then

(i) H(T) ~ (L) if and only if Aut(T) ~ Aut(E’) and Ho(T) ~ Hy (I');
(i) HPL(D) & HPE(IY) if and only if Aut(F) & Aut(T") and HPH (D) & HEE (V).

Proof. Assume that H(T) < H(T'). Then the identity component H (T") of H(T)
is homeomorphic to the identity component H, (I') of H(I”). Observe that the
automorphism group Aut(I') = H(I')/H, (T') can be identified with the space of
quasi-components of the space H(I') (endowed with the compact-open topology).
The spaces H(T") and H(T), being homeomorphic, have homeomorphic spaces

c
of quasi-components. Conseqgently, Aut(T") & Aut(I'). This proves the “if” part of
the first item. The “only if” part follows from Theorem 1.
By analogy, we can prove the second item of the theorem. O

Theorem 5. For two graphs I', TV the following conditions are equivalent:

(a) or = OF/C and [er| = [er/];

(b) Hi(T) = H(T);

(c) HEL() = HEY ),

(d) (Hy (T), HE(T)) & (Hy (T), HEH(T)).

Proof. The implication (a) = (d) follows from Theorem 1 and the known topological
equivalence ([[%le, []“1) ~ (12, ). The implications (d) = (b) and (d) = (c) are
trivial. Finally, (b) = (a) a ( ) = (a) follow from Propositions 2 and 4(ii),
(i) O

Theorem 6. For two graphs I', I the following conditions are equivalent:

(a) or = 01;;/ and |er| = |er/];
(b Ho(r) ~ HO(F/),'
HEH(D) = HEH();

—
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Proof. We shall show the implications in the following diagram:

(h) === ()

i /
(b) == (a) == (¢)
(d) (8) == (¢)

The implication (a) = (h) follows from Theorem 1, while (h) = (f) is trivial.
The implication (a) = (g) follows from Theorem 2, while (g) = (d) is trivial. The
implication (d) = (b) follows from Proposition 1 and the fact that the identity
components of homeomorphic topological groups are homeomorphic.

(f) = (a): Assume that HE™(T) < HYL(IV). By Propositions 4(ii) and 2, or =
ors and [er] = [er/]. If [er] = [er/]| # Ny, then |er| = |ers| by the definitions of
[£] and |x]|. Now we see that the inequality |er| # |er] is possible only if 1 <
min{er, er-} < max{er,er } = Rg. Without loss of generality, 1 < er < g = er.

C o C ors
Then the spaces HYM(I') ~ []°"T x 1} and HEYM(T) ~ TT7™T x (15)% cannot be
homeomorphic because the first of them is o-compact while the second is not. This
contradiction completes the proof.

(b) = (a): Assume that Ho(T') P Ho(I”). By Propositions 4(i) and 2(ii), or =
or- and [er] = [er/]. If [er| = [er/] # No, then |er| = |er | by the definitions
of [k] and |k]. Now we see that the inequality |er| # |ers| is possible only if
1 < min{er, er'} < max{er,er} = Rg. Without loss of generality, 1 < er < Xy =

w
er-. In this case opr = or < er is finite. Then the spaces Ho(T') =~ E'T X Iy

w
and Ho(T") = [E°r'T x [1¥ly cannot be homeomorphic because the first of them is
metrizable while the second is not. This contradiction completes the proof.

By analogy we can prove the implications (g) = (e) = (¢) = (a). O

Theorem 7. For two non-compact graphs I' and I, the following conditions are
equivalent:

( ) 2pr+er = 2pF'+eF', or = orv, and LQFJ = LGF/J;

(b) H(I) & H(I);

() HPL(T) & HPL(D);

(d) (H(T), HPH(D), Ho(T)) & (H(I"), HPL(T), Ho ().

Proof. The implication (a) = (d) follows from Theorem 3, while (d) = (b), (c) are
trivial.

(b) = (a): Assume that H(I) P H(T'). Then Ho(T) b Ho(I") (because
homeomorphic groups have homeomorphic identity components). By Theorem 6,
or = or, and |er| = |er|. By Proposition 2(iii), 2Pr+er = 2Pr +err

By analogy we can prove that (¢) = (a). O



CLASSIFYING HOMEOMORPHISM GROUPS OF INFINITE GRAPHS 9

4. NORMALITY AND THE PARACOMPACTNESS OF HOMEOMORPHISM GROUPS

In this section, we discuss some applications of the results from the preceding
section to the problem of detecting normal and paracompact groups among the
homeomorphism groups of graphs.

Corollary 3. Let T be a graph. Endowed with the compact-open topology the home-
omorphism group

(1) Ho(T") is paracompact;

(ii) H(T) is metrizable iff HPY(T) is normal iff er + pr < V.

Proof. (i) By Theorem 1, the group Ho(I") endowed with the compact-open topol-
ogy is homeomorphic to the product [[*"T x [["l2, which is paracompact accord-
ing to Theorem 3 of [15].

(ii) Let T be the digraph associated to I'. If er + pr < N, then the graph T is
countable and its automorphism group Aut(f) is metrizable. Taking into account
that or < er < No, we conclude that the product Aut(T) x [["T x [y is
metrizable and so is its topological copy H(T").

If the group H(T) is metrizable, then its subgroup HFY(T) is metrizable and
thus normal.

Finally, assuming that the group HF(I") is normal, we shall show that pr+er <
No. By Theorem 1, HF“(T') is homeomorphic to the product Aut(I') x [[" T x [}
and consequently, the latter product is normal.

Assuming that er > Rg we conclude that the power [[“"3 is not normal because
it contains a closed topological copy of the uncountable power N™ which is non-
normal by a famous Stone result, see [11, 2.7.16(a)]. Then H'Y(T) is not normal
because it contains a closed topological copy of the non-normal space [ lo.

If pr > Ny, then the digraph [ associated to I' contains uncountably many iso-
lated vertices. Consequently, its automorphism group Aut(f) contains a closed
copy of the group Aut(R;) of all bijections of the uncountable discrete space Ni,
endowed with the compact-open topology. It is easy to see that the group Aut(X;)
contains a closed subgroup topologically isomorphic to the group Z!, which is not
normal according to the Stone Theorem. Consequently, Aut(X;) and also Aut(T)
and HPY(T) all are not normal. This contradition completes the proof of the in-
equality pr + ep < Ng. O

The situation with the Whitney topology is more interesting.

Corollary 4. Let I" be a graph. Endowed with the Whitney topology the homeo-
morphism group
(i) Ho(T') as well as HE™ is paracompact;
(ii) H(T) is normal iff H(T') is metrizable iff er < No;
(iii) HF(T) is not normal if er > Vo and HPY(T) is metrizable if er < Ro;
(iv) HPY(T) is paracompact if er = Rg and either b =0 or 0 = c.

Proof. (i) By Theorem 3, the groups H.(I') and HEY(T") endowed with the Whitney

are homeomorphic to [1°T T x [Ty and [T T x Deflg. By [19], the latter products
are paracompact.

(i) If ep < Np, then H(T") is metrizable because it contain a metrizable open
subgroup Hy (T') ~ [[”"T x [[*l2. If er > Ng, then H, (T) ~ O°CT x [Ty is
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not normal because it contains a closed subspace homeomorphic to the non-normal
space (¥I5, see [8].

(iii) By Theorem 2, the space HF(T') contains a closed subspace homeomorphic
to DeFlg. The latter space is not normal if epr > Vg, see [17]. If epr < Vg, then
the group HFL(T) is metrizable because it contains an open metrizable subgroup
HEL(D) ~ TI°°T x [1714.

(iv) Assume that er = Ng. Recently Scott Williams in [26] announced that
under the Continuum Hypothesis (more generally, under b = 9 or ? = ¢) the box
power [1¥X of any metrizable o-compact space is paracompact. In particular,
HYE(T) ~ B°rT x Deflg, is paracompact. The group HFY(T') is paracompact
because it contains the open paracompact subgroup H4 (T). O

5. THE GROUPS H (), H4(T,1), AND H(T)

In this section we recognize the topological structure of the homeomorphism
groups H4 (I), Hy(T), and H4 (T, 1), endowed with the compact-open topology. It
coincides with the Whitney topology because of the compactness of I = [0, 1] and
T={zeC:|z| =1}

We start with considering the homeomorphism group H(I) and its subgroups
H(I) and HE™(I) consisting of orientation-preserving and orientation-preserving
PL homeomorphisms of I, respectively. Note that H, (I) is an open subgroup of
index 2 in H(I). Now, we shall show the following propositions (cf. Geoghegan and
Haver [12]).

Proposition 5. The pair (H4 (1), HY"(I)) is homeomorphic to (I2,13).

Proof. Observe that the group H4 (I) consists of increasing homeomorphisms of T
and is homeomorphic to the Hilbert space I [1] (cf. [14]). The latter can be seen as
follows. Being a convex subset of the Banach space C[0, 1] of continuous real-valued
functions on [0, 1], H (I) is an absolute retract by the Dugundji Extension Theorem
[5, Chapter II, Theorem 3.1]. Being a Polish non-locally compact topological AR-
group, Hy (E,JF) is homeomorphic to the separable Hilbert space ls according to
[9].
The group HY™(I) consists of increasing PL-homeomorphisms of [0, 1] and thus
is a convex infinite-dimensional subset of C[0,1]. It is easy to see that HL™(I) can
be written as the countable union of finite-dimensional compact subsets. Applying
Theorem 4.1 of [6], we conclude that H. (I) is homeomorphic to I .

Being a dense convex subset of H(I) the group HY™(I) is homotopy dense
in Hy (L), see [3, Ex.12,13]. Since HYM(I) ~ lg is a o-compact homotopy dense
subset of H4 (I) ~ la, we can apply Theorem 3.1.10 of [3] to conclude that the pair
(H4(I), HE™(I)) is homeomorphic to (I, 1. O

Next we consider the homeomorphism group H(T) of the circle T = {z € C :
|z| = 1}. Let H(T, 1) be the subgroup of H(T) consisting of homeomorphisms with
h(1) =1 and let H4 (T, 1) = H4+(T) N H(T, 1).

Proposition 6. The pair (H,(T,1), H{"(T,1)) is homeomorphic to (I3, 1) and
the pair (H4(T), HY™(T)) is homeomorphic to (T x I, T x 1.
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Proof. As is easily observed, the subgroup H (T) can be identified with H4 (I) by
a homeomorphism

Fr s (Hy (D), HEH (1) — (K (T, 1), HYH(T, 1)).

For any t € T, let hy : T — T be the rotational homeomorphism defined by
hi(s) = st for any s € T. Let S = {h; : t € T} be the subgroup of H(T). It is
clear that the map Fy : T > t — h; € S is a homeomorphism. Thus, we have the
homeomorphism

H s (Hy () x T, HPE(I) x T) — (H (T), HPE(T))
by H(f,t) = Fy(t) o F1(f). By Proposition 5, it follows that
(H4 (T), HEM(T)) ~ (Hy (1) x T, HE(I) x T) ~ (Iy x T, 15 x T).
The proof is completed. O

Note that H (I) and H(T) are open subgroups of index 2 in H(I) and H(T),
respectively. Thus, we get

Corollary 5. The pairs (H(I), HY¥(I)) and (H(T, 1), H'%(T, 1)) are homeomorphic
to (2 x Iy, 2 x 1) and (H(T), HFY(T)) is homeomorphic to (2 x T x l5,2 x T x If).

Here 2 = {0,1} is the discrete two-point space.

6. THE GROUPS H(R) AND H(R;) WITH THE COMPACT-OPEN TOPOLOGY
In this section we shall recognize the topological structure of the triples
(H4(R), HYH(R), Ho(R)) or (H(Ry), H™™(Ry), Ho(R+))
of the homeomorphism groups endowed with the compact-open topology.

Proposition 7. The triple (H4(R), HY™(R), Ho(R)) endowed with the compact-
open, topology is homeomorphic to the triple ([[%la, [1“1, T[1%12)-
Proof. Consider the closed subgroups

H(R,Z) = {f € H(R) : f|Z = id} and

L={f € H(R): fis linear on each interval [n,n + 1], n € Z}
of H(R) and observe that the map

Uy : Lx H(R,Z) = He(R), Vi:(f,g)— foy,

is a homeomorphism witnessing that
(1) (Ho(R), HEL(R), Ho(R)) & (L x H(R,Z), L x HPX(R, Z), Lo x Ho(R, Z))
where
Lo = LNHo(R), H'™(R,Z) = HPY(R) N H(R,Z), Ho(R,Z) = Ho(R) N H(R,Z).

By analogy with the proof of Proposition 5 we can establish the topological
equivalences of pairs

(2) (L, Lo) = (I2,1}) =~ (R x I3, R x 1) =~ (T[“R, [I“R).
Next, consider the homeomorphism

Uyt H(R,Z) — [[*Hi@), Uy:h (h)nez, hn it — h(t+n) —n,
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witnessing that
(H(R,Z), K (R, Z), Ho(R, Z)) & ([T*H. (1), [I“HE= (1), [I%H., (1))
~ ([T, T1°1, TI°12).

The last homeomorphism follows from the topological equivalence (H (I), HY™(I)) ~

(3)

(I2, lg ) established in Proposition 5. Unifying the homeomorphisms (1)—(3) we see
that

(H4(R), HYM(R) R)) ~ (L x H(R,Z), L x H"™(R,Z), Lo x Ho(R,Z))

(
(IR x [1°02, IR x [1°13, FI°R % [1°k2)
~ (I1° (R x 1), [T°(R x 1), TT*(R x 1))
(H lg,Hl Hl2)

QA AQ

Q

By analogy we can prove
Proposition 8. The triple (H(R.), H*“(R.), Ho(Ry)) endowed with the compact-
open topology is homeomorphic to the triple (]2, H“’lg, [T%12).

To prove a similar result for the Whitney topology we need first to establish

7. A MULTIPLICATION PROPERTY OF THE TRIPLE (D‘”127D‘”l§, D“’lé).

Observe that the triple (D“’lg, D“’lg, D“’ZQ) is a particular case of a triple of the
form
(4) (D’""G, O%H, D“G),

where & is a cardinal, G is a topological group, and H is a dense subgroup of G.
It is easy to see that for each topological group G the box power G is a
topological group with respect to the operation of coordinatewise multiplication.

Proposition 9. Let G be a non-discrete topological group and H be a dense sub-
group of G. For any infinite cardinal k and any non-zero cardinal X < 2%, the triple
(D"G, O~H, D“G) is homeomorphic to
()\ x O°G, A x O%H, 1 x Q).

Proof. Let e denote the neutral element of the group G. By [23, Theorem 2.2] (cf.
[23, Proof of Theorem 5.16]), the topological group G admits a continuous left-
invariant pseudo-metric p such that p(zg,e) # 0 for some point o which can be
chosen in the dense subgroup H of G.

The cardinal x, being infinite, can be identified with the product P = k X w. So,
the triple (4) is homeomorphic to the triple

(5) (OFG,07H,076).
In the group OF G, consider the open subgroup
05 G = {(Zan)(@mer € O7G :Va € & lim p(zan,€) =0}

and let OFH =0 GNOPH.
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Using the density of the subgroup O0F H in OF G’ (which follows from the density
H in G), choose a subset D C OF H meeting each left coset 7-OJ'G, ¥ € OFG, at
a single point. Moreover, the set D can be chosen so that D NOJ'G = {e}.

Since the subgroup OJ'G is open in OFG, the set D is closed and discrete in
OFG. We claim that the cardinality |D| > 2%. To prove this fact, for every subset
A C k consider the vector 4 = (.ﬁé,n)(a,n)ep € OP H such that

A {xo ifac A
" e ifad¢A
Observe that for different subsets A, B C k, we get 4 - (¥5)~! ¢ OFG, which
implies that the subgroup PG has at least 2% cosets in [J¥G and hence
|D| = |0FG/0F G| > 2~.
One can readily check that the map
U:Dx0OFG—0PG, U (z,y)— x-y,
is a homeomorphism mapping the triple
(DxO0{G,Dx0OfH,{e} x B7G)
onto the triple (5).
Given any non-zero cardinal A < 2%, we see that |D x A\| = |D| and hence
(AxDOPG, A xOPH,1 xBFG,)
~(AxDxOfG,AxDx0OFH, 1 x {e} x BFG)
~ (D x O G,D x Of H,{e} x &P G)
~ (O0FG,07H,0°G).
Thus, we have the result. ([
Applying the preceding proposition to the triple (0%ly, 01, %), we obtain
Corollary 6. The triple (%I, D“’lg, [1“ls) is homeomorphic to
(A x 0%, A x 0¥, 1 x [3¥15)

for every non-zero cardinal \ < c.

8. THE TOPOLOGICAL STRUCTURE OF SOME SUBSPACES OF [I“IR

In this section, we recognize the topological structure of the pair (M, My) of
subspaces My C M C O“R defined below. By definition, M is the subspace of the
box power “R consisting of all sequences (2, )ne, such that

o 19 =0;

o 1, < xyq forall n €w;

o lim, o |z, —n| =0.
By My, we denote the subspace of M consisting of all sequences (2, )nec, € M such
that x,, = n for all but finitely many numbers n.

Our aim is to prove that the pair (M, My) is homeomorphic to (O“R,H“R).
This will be done with help of the following three lemmas.

Let us consider the difference operator d : M — O“R assigning to each sequence
(n)new € M the sequence (11 — Zp — 1)new. Observe that the image 9(M)
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coincides with the subspace S of ¥R consisting of sequences (Y, )necw € (—1,00)%
such that ) . 9, = 0. Moreover, the image d(My) coincides with the subspace
Sp of S consisting of eventually zero sequences.

Lemma 1. The difference operator 0 is a homeomorphism of the pair (M, M)
onto (S, Sp).

Proof. The inverse operator =% : § — M assigns to a sequence §¥ = (Yn)new € S
the sequence & = (2, )new defined inductively as follows:

(6) rog =0 and mnH:mn—l—yn—i—l:n—l—l—i—Zyi for n > 0.
i=0

To prove the continuity of the map ~! at ¢, take any box neighborhood O(%)
of # = 0~ (%) and find a sequence &= (&, )ne. Of positive reals such that

MnN Dnew(xn — En,Tn + En) C O(f)

Choose a sequence 5= (0n)new of positive reals such that d,, < % min{d,_1,&,} for
all n € w (here we put 6_1 = 1). Then, we get

251- < 22*”"5,1 =24, <&, forevery n € w.

Consider the following box neighborhood of ¥ in S:

We claim that for every §' = (y),)necw € O(¥), the preimage @ = 9~ 1(7') belongs
to O(Z). Taking into account (6) and Y ¢ = >y =0, we get

n—1 n—1 [e'e) [e'e)
S-S |zyz-+zyz
1=0 =0 i=n i=n

|0 — 27| =
(oo} oo
< Z|y, -y < Z(Si <&, foreveryncN,
i=n i=n
which means that &’ € O(Z). O

Next, in the box power (0¥(—1, 00), consider the clopen subset ¥ consisting of all
sequences (Z,)nen € ON(—1,00) such that the series > nen Tn converges. Let also
39 be the subspace of 3 consisting of all eventually zero sequences. For a sequence
T = (zn)nen € OVR, put )& =Y, o @y if the latter sum exists.

Lemma 2. The pair (3,%) is homeomorphic to (S, Sy).
Proof. Fix a homeomorphism ¢ : (—1,00) — R such that
p(x) =a for all z € [-1/2,00) and ¢(x) <z for all x € (—1,—1/2).

We shall define a homeomorphism ¥ : ¥ — S such that ¥(3p) = Sp. Consider the
following closed sets in 3 and S:

Y {FEN: Y F<12), X = {FeX: Y E>1/2),
S"={7= (yi)icw € S:y0 > —1/2}, 8" ={§ = (Wi)icw € S 1 yo < —1/2}.
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Let [ =X NXo, B =X" N, S) =5"NSy and S = 5" NSy. We can define a
homeomorphism ¥’ = ¥ : ¥ — S as follows:
V(%) = (=Y. % x1,22,...) € S’ for each x € X'.
Since Y1 y; = —yo < 1/2 for each § = (yi)icw € S’, the inverse ¥~ can be
defined by
—1,
\Il, (y) = (yi)’iEN = (ylvaa"')'
The continuity of both ¥ and ¥/~ " is clear and /(X)) = S} by the definition.
Thus, it suffices to construct a homeomorphism ¥ : ¥’ — S” such that

U(S) =S¢ and VY N =V |2 Ny

First, we define maps s, : " = R, f,, : ¥ — (—1,00), n € w, as follows:

(7) fol@) =97 (= X&) < -1/2,

(8) [n(@) = o p(x,) = &) forn € N, and

(9) sn (%) = Zfl(f) + Z x; forn € w,
=0 i=n+1

where ¥ = (7;);en € 2. Since p~1(z) > x for every x € R, it follows that so(Z) > 0
for every € ¥”. Tt should be noticed that so(Z) = 0 if and only if Z € ¥’ N X",
Since ¢! is order-preserving (increasing), it follows that f,,(¥) < z, and hence
$p—1(%) > s,(&) for every n € N. Moreover, s,(Z) — —oo (n — o). Indeed,
because >, z, is convergent, we can take k € N so large that |z,| < 1/8 for
every n > k. For each n > k,

$n—1(Z) — 5(%) = ¥ — fu(F) = 25 — ‘/771(4/7(3%) -2 7)
= Tn — 90_1(9371 =27 > —1/8 - 1 (=3/8)) = 1/4.

We consider the following closed sets in X':
(10) A, ={FeX :5,1(F) >0>s,(2)}, n€w,
where s_1(Z) = 00, so Ag = X' NE" C Ay. Since 5o(#) > 0 and s,(Z) — —o0
(n — o0), each ¥ € ¥ is contained in some A, hence ¥" = J,,cjy A,. Moreover,

A, 1NA,={7eX s, 1(F) =0} for every n € N.
For each n € N, A,, has an open neighborhood
Uy, ={T € X" : 5, 2(T) > 0> s,11(2)}

such that U, NA; = 0 if [n—4| > 1, which means that {A,, : n € w} is locally finite.

Next, we define maps ¢, : S” — R, n € N, and g, : " — (=1,00), n € w, as
follows:

(11) told) = D_vi =~y = 1/2

(12) gn (@) = ¢ (¢ (yn) — ¢(y0)) and

(13) ta(i) =Y gi@) + Y wi forneN,
=1 i=n+1

where ¢ = (y;)icw € S”. Then, to(7) < —@(yo) because ¢~ (—to(7)) = ¢ (yo) >
yo- Note that to(7) = —p(yo) if and only if yo = p(yo) if and only if yo = —1/2.
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Since ¢(yo) < yo < —1/2, it follows that g, (%) > y» and hence t,_1(¥) < t,(y) for
every n € N. Moreover, ¢,(§) — oo (n — 00). Indeed, take k € N so large that
lyn| < 1/8 for every n > k, which implies that
tn(§) = ta-1(9) = 9n(§) — yn = ¢~ (¢(yn) — ¢(¥0)) — ¥n
= (Yo — ¢(¥0)) =y > 71 (3/8) —1/8 =1/4.
We also consider the following closed sets in S”:
(14) Dy ={j€ 8" ttn-1(i) < (o) < tn(§)}, n€w
where t_1(§) = —00, so Dy = 5" NS" C Dy. Since (7)) < —p(yo) and t,(§) — oo
(n — 0), each § € S” is conatined in some D,,, hence S” =, .y Dn. Moreover,
Dp1 N Dy ={7€ 85" 1 tn1(9) = —¢(y0)}-
For each n € N, D,, has an open neighborhood
Vo= {56 S tn—2(37) < _QO(?/O) < 5n+1(?j)}

such that V,,ND; = 0 if |n —4| > 1, which means that {D,, : n € w} is locally finite.
Now, it suffices to construct homeomorphisms ¥, : A,, — D,,, n € N, such that

v (A HEO):DnﬁSO and ‘I’n|AnﬂAn,1 :\I,nfl‘AnmAnfla

neN

where ¥g = 0.
For each n € N, we can define a map ¥,, : A, — D,, as follows:
(15) qjﬂ(f):(fo(f)a7fn 1(_') n — Sn— 1(3?),3?”4_1,1‘714,_2,...)

:(fﬂ(f)avfn 1( ) fn(f) (I) LTn+1s Tn42;s - - )
Indeed, let Z = (z;)ien € An, that is, s,_1(Z) > 0 > s,(Z). Then, f,(Z¥) — s, (Z) >
fn(Z) > —1. By (15) and (9),

n—1
_’:Zfi(f)—&—xn—snl le—O
i=0

i=n+1

which means ¥, (%) € S. It follows from (7) that ¥, (Z) € S”. By (12), (15) and
(8), we have

(16) 9i(¥n()) = ¢~ (0(fi(T)) — ¢(fo(7))) = @ for 0 <i <.
Combining this with (15), (13) and (7), we have

2 Zgz n +$n_5n 1 Z £
1=n+1
*ZZL’Z*Sn 1 Z Z;

i=n+1
=—<P(f0(33))—3n 1(2).
Since s,,—1(Z) > 0, it follows that t,_1(V, (%)) < —o(fo (i")) On the other hand,
n(Z

since s, (%) < 0, we have z,, — $,—1(%) = fu(Z) — $p(Z) > fn(F), hence by (12),
(15), (7) and (8),
gn(Un (D)) = ¢~ (@ — 50-1(E)) — @(fo(T)))

@
o o(fa(E) + X 0) = o7 (o(zn)) = 2.

(Y
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Combining this with (13), (16) and (7), we have

D=3 e @)+ 3

1=n-+1
2 sz + Z zi = —p(fo(Z)).
i=1 i=n+1

Thus, we conclude V¥, (%) € D,,. It is obvious that ¥, (A, NYy) C D, N Sp.
We can also define a map ¥ : D,, — A,, as follows:

U () = (91(7)s - s 9n—-1(1), Yn — ta1(%) — ©(Y0)s Yn+1, Ynt25---)

" = (96015, 90 ) ~ 1)~ £00), 1 sz
Indeed, let §¥ = (¥;)icw € Dpn. Then, t,_1(¥) < —p(yo) < tn(¥). Observe that
Yn — tn—1(¥) — ©(yo) > yn > —1 and
2L () = - (yo)z Yo = 1/2,
hence ¥ () € ¥". Moreover,
(19) fo(¥5 (%) = ¢~ (= Z¥5(¥) = yo and
(20) Fi(W @) = o7 e(9:(#)) + ¢(yo)) = y; for 0 <i<n.
It follows from (9) and (18) that
n—1

$n—1(U5(H) = D vi + (Yn — ta1 () — Z Yi

(21) iO:CO i=n—+1

= Zyz —tn—1(%) — ¢(Wo) = —tn-1(%) — ¢(vo)-

Since t,,—1(¥) < —(yo), it follows that s,_1 (P (7)) > 0. Since t,(¥) > —(yo),
we have the following by (8) and (18):

Fa(5 () = ¢ (9(gn (@) — ta(§) — ¢(10)) = X ¥* (7))
<o e(gn () + ¢(W0)) = ¢~ (#(¥n)) = Y,
which implies

n oo oo
M <Y v+ > vi=» yi=0.
=0 =0

i1=n—+1
Thus, U} () € A,,. Obviously, ¥ (D, NSy) € A, NEy. Furthermore, we can apply
(21) to obtain

U (V7 (9) = (Yo, - Yn—1,
Yn — tn-1(¥) — ¢(Yo) — $n—1(Y3(9), Yn+1,Yn+2,---)
= (Yo, Yn—1,Yns Ynt1,---) = 7.
For each ¥ = (2;)ien € Ay, it follows from (16) and (17) that
U5 (U () = (1, -, @p—1,
Ty — $n—1(Z) — ta—1(Vn(Z)) — @(fo(F)), Tnt1, Tnta, .. .)

= (T1,. , Tp—1,Tn, Tnyl,...) =T
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Therefore, ¥,, : A, — D,, is a homeomorphism with W1 = ¥*  which satisfies
U, (A, NZEg) =D, NS
It should be noticed that if & € Ag, that is, > & = 1/2, then
Uo(Z) = (fol(@), 21, 22,...) = (= 2T, 01,22, ) = W(Z).

For each & € A,,_1 N A,, n € N, since s,_1(Z) = 0, we have

Vo (%) = (fo(@), s foo1(D), Ty Tng1s Tnga, - - ) = Wit (7).
This completes the proof. ([l

Lemma 3. The pair (£,%) is homeomorphic to (ONR,NR).

Proof. The homeomorphism ¢ : (—1,00) — R from the proof of Lemma 2 induces
a homeomorphism ¢ : OY(—1, c0) — ONR mapping the set ¥y onto [INR. Under
this homeomorphism the set ¥ maps onto the following subspace

¥ = {(yn)neN cO'R: Zg@ (yn) converges}.
neN

Thus, we obtain
(22) (Z,%0) = (X, VR).

It remains to show that the latter pair is homeomorphic to (OVR, EVR). To this
end, consider the subgroup

I, = {(xn)neN eR: D |zl < oo},

neN

which is clopen in CONR.

We claim that @ +1; C ¥/ for any & = (zn)nen € ¥'. Indeed, take any vector
7 = (2n)nen € l1. The convergence of the series Y. |zn| and Y g @~ H(zy)
implies the existence of a number k¥ € N such that max{|zn| lo~ (zn)|} < & for
all n > k. Then, for every n > k, since [~ (2,,)| = || < I, we get |z, + 2,| <
% and thus ¢~ !(z, + 2,) = T, + 2,. Note that the convergence of the series
>0 ¢ H(z,) implies the convergence of the series Y -, x,. Since the series
>0 1 Zn is absolutely convergent, the series

Zmn—i—zn Zgo xn—l—zn
n=k

is convergent, which proves the inclusions Z+ zZ € ¥/ and Z+1; C ¥'.
For any « € (0, 1), consider the sequence

= ()"0 + (= 1)),

Then, #* € ¥ because Y 7 = lim,, o (—1)"n~% = 0. However, 7* — & ¢ I, for
a# B €(0,1). Indeed, if 0 < a < 8 < 1 then

()"0 + (1= 1)7%) = (~1)"(n 7 + (n — 1))
=n—nPrmn-1)"—(n-177F
>n Y —n P =n W1

“A(28~> 1) for every n > 2.
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Since "7, n P = oo, it follows that 7 — i ¢ I;.

This implies that ¥’ is the discrete union of continuum many shifts of the sub-
group /1 and hence
(23) (2,VR) =~ (¢ x 11,1 x EVR).

The same is true for the group VR, that is, OVR is a discrete union of continuum
many shifts of [; and hence

(24) (ONR,EVR) =~ (¢ x 13,1 x EOVR).
Composing the homeomorphisms (22)—(24), we obtain the required homeomor-
phism (¥, %) ~ (ONR, VR). O

Unifying Lemmas 1-3, we get the promised
Corollary 7. The pair (M, My) is homeomorphic to the pair (OYR,H“R).
9. THE GrROUP H(R,) WITH THE WHITNEY TOPOLOGY

In this section we shall recognize the topological structure of the triple
(H(R1), ™ (Ry), Ho(Ry)) = (Hy4 (Ry), HE(R1), Ho(R+))
of the homeomorphism groups endowed with the Whitney topology. We shall show
that the above triple is homeomorphic to the triple ((0¥I5, D‘*’lg7 (1“l5). The con-
struction of a homeomorphism between those triples is made in Lemmas 4—7 below.
All homeomorphism groups considered in this section are endowed with the Whit-
ney topology.
Consider the following clopen subgroup of the group H(R,):
Hu(Ry) = {h € H(Ry) : limy—.o |R(z) — 2| = 0},
which coincides with the closure of Ho(R+) in the topology of uniform convergence
on H(Ry). Let also HYH(R4) = Hyu(Ry) N HPE(RS).
Lemma 4. If (Hu(Ry), HEE(R L), Ho(Ry)) ~ (Ol 01, 0¥1y), then
w
(H(R4), HPE(Ry), Ho(Ry)) = (0¥, O, [0¥1,).

Proof. Using the denseness of HF¥(R ) in H(R, ), choose a subset D C HFL(R,)
that meets each left coset ho™H,(Ry), h € H(Ry), at exactly one point. Moreover,
we can select D so that D NH,(Ry) = {id}. Since H,(Ry) is a clopen subgroup
of H(R), the subspace D is closed and discrete in H(R;.). Moreover, it is easy to
check that D has cardinality of continuum. Observe that the map

V:DxHuy(Ry) = H(RY), ¥:(fig)— foy,
is a homeomorphism of the triple

(D x Hy(Ry), D x Hy (Ry), {id} x Ho(Ry))
onto the triple (H(R), H"*(Ry), Ho(R4)).

Assuming that (H,(Ry), HL“(R4), Ho(R4)) X (O0%1y,0¢13,[3¥1,), we conclude
that the triple (H (R+) HPY(R4), Ho(R4)) is homeomorphic to the triple

(D x O¥ly, D x 0¥, {id} x [¥1y),
which is homeomorphic to ((O¥[5, D“’lg, [1“l3) by Corollary 6. O
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Consider the following subsets of the group H, (R ):
Hu(Ry,N) ={h € H,(Ry) : h|[N =1id} and
L ={h € H,(Ry) : h is linear on each interval [n,n + 1], n € w}.

It is clear that L ¢ HE¥(Ry) and Lo = LNHo(Ry) C HEZ(R).

Lemma 5. The triple (H,(Ry), HL(R..), Ho(Ry)) is homeomorphic to the triple
(L x Hy(Ry,N), L x Hy (R, N), Lo x Ho(R4,N)).

Proof. The following is a required homeomorphism between the triples:
U:LxHy(Ry,N) = Hu(Ry), ¥:(f,9)— fog.

Indeed, for each h € H,(R), the PL homeomorphism ¢(h) : Ry — R, is defined
by ¢(h)|w = hlw and ¢(h) is linear on [n, n+ 1] for each n € w. The correspondence
h i (¢(h), d(h)~1h) gives the inverse of W1, O

Thus, to recognize the topology of the triple (H(R;), HP™(R;), Ho(Ry)), it
suffices to know the topological types of the pair (L, Lg) and the triple
(25) (HU(R+7N)aHEL(R+aN)7HO(R+aN))'
Lemma 6. The pair (L, L.) is homeomorphic to (O*R,[“R).
Proof. Observe that the map

V:L—M, V:h (h(n))new

is a homeomorphism from the pair (L, L.) onto the pair (M, My) considered in
Section 8. Since (M, Myp) = (O“R,E“R) by Corollary 7, we have the result. d
Lemma 7. The triple (25) is homeomorphic to (0%ly, 0“1, E%1,).

Proof. The box power (1“H (I) of the group H4 (I) of orientation-preserving home-
omorphisms of the closed interval I = [0, 1] is the group with the group operation:
Fod=(fnognnew for each f=(fa)new = (9n)new

Consider the following open subgroup of OYH (I):
OuHA (1) = {(hn)new : limp—oo [[hn — id[| = 0},

where || f — g|| = sup,; | f () — g(t)]-
Observe that the triple (25) is homeomorphic to the following triple:
(26) (O (), Oy HEE (D), B H (1)

by the homeomorphism G : H,, (R4, N) — O%H_ (I) assigning to each h € H, (R4, N)
the sequence of homeomorphisms (hy,)ne, € OYH4(I), where each h,, € Hy(I) is
defined as follows:

hn(t)=h(n+t)—n fortel

For the open subgroup
BHAM) = {(hn)new : 2onzg lIhn —id]| < 0o}
of O“H, (I), we get [I¥H (I) € O H (1) € OgH,(T). Since I“HE(T) is dense in

O“H . (I), we can choose D C O*HY"(T) which meets each left coset §o O H (T),
g € OyH 4 (I), at exactly one point. Moreover, DNU} H . (I) is the neutral element.
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Then, the map

WD x O¥H (D) — O“Ho(I), (g, h)— Goh,
is a homeomorphism mapping the triple
(27) (D x O Hy(I), D x Op HYM(T), {0} x B“H4(T))

onto the triple (26).
By the same reason, the triple

(28) (M., (1), D°HEL (1), B H,. (1))
is homeomorphic to (27). On the other hand, (H.(I), HY") =~ (Io, 13) by Proposition

5, hence the above triple (28) is homeomorphic to ((O“Is, D“’lg ,[19l5). Therefore,
the triples (27) and (25) are also homeomorphic to (0%ly, 015, [¢1,). O

With Lemmas 4-7 at hands we are able to prove the promised

Proposition 10. (H(R), HPX(R,), Ho(Ry)) ~ (O¥ly, 0%, E1y).
Proof. By Lemmas 5-7, we have the following homeomorphisms of the triples:
(Hu(Ry), Hy " (Ry), Ho(Ry))
X (L x Hu(Ry,N), L x HEH(R, N), Lo x Ho(Ry))
X (O“R x O¥ly, O°R x 0¥, R x C°1)
~ (O°(R x 1), 0¥(R x 1), (R x 1))
~ (O, 01, 0°1,).

Lemma 4 completes the proof. ([l

10. THE GROUP H(R) WITH THE WHITNEY TOPOLOGY

The principal result of this section is the following:

Proposition 11. (H. (R), HPH(R), Ho(R)) & (O°1y, 0¥1f, 0¥1).
Proof. For a real number a, consider the homeomorphism {, € H(R) defined by the
three conditions:

e [,(0) =aq,

o [,(x) = if |x| > 2|al;

e [, is linear on the intervals [—2|al, 0] and [0, 2|a]].

It is easy to see that the correspondence a +— [, determines a homeomorphic em-
bedding of the real line R into the group HEL(R).
In the group H,4 (R) consider the closed subgroups

H(Ry) = {h € H4(R) : h|(—00,0] = id},
H(R_) = {h € H,(R) : h][0, +00) = id},

and let Ho(Ry) = H(R1) NHo(R), Ho(R-) = H(R_) N Ho(R).
Observe that the map

U:RxH(Ry) x H(R_) = HL(R), U: (a,f,g)l,0fog,
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is a homeomorphism mapping the triple
(R x H(R4) x H(R_), R x HPH(R}) x HPH(R_), R x Ho(Ry) x Ho(R-))
onto the triple
(29) (H+(R), HY"(R), Ho(R)).
By Proposition 10, the triples
(H(R+), H™H(R4), Ho(R4)) and (H(R-), H™*(R_), Ho(R-))
are homeomorphic to (D“lg,D“lg,D‘”lg). Consequently, the triple (29) is homeo-
morphic to the triple
(R x 0¥l x 0¥y, R x 0¥ x 0¥ R x %1, x [¥1y),
which is homeomorphic to (0%ls, D“lg ,[1¥l5) because of the homeomorphism
(R x Iy x 12, R x 1§ x 1) = (I, 13). 0
11. GROUPS OF ORIENTATION PRESERVING HOMEOMORPHISMS OF A GRAPH

In this section, for any graph I' we shall recognize the topological type of the triple
(H4 (), HY(T'), Ho(T')) endowed with the compact-open or Whitney topology.
We recall that or stands for the number of isolated circles of I" and

er = Kr + vr - Vo,

where kp (resp. vp) is the number of connected components of I' \ I'®) having
(non)-compact closure in T'.

Theorem 8. For any graph T the triple (H4(T), HY*(I), Ho(T')) of the homeo-
morphism groups endowed with the Whitney topology is homeomorphic to

(Q°TT x 0Ty, O°TT x OIS, T x [T 1y).
Proof. Write the complement I"\ I'® as the disjoint union Uaca Eao of connected
components. We recall that I'©) is the (closed discrete) set of topological vertices
of I". For every a let FE, and OF, be the closure and the boundary of E, in I". It
is clear that £, is homeomorphic to one of the spaces: I, T, R or R.

Let H4(E,,0F,) denote the group of orientation-preserving homeomorphisms
of E, that . do not move the points of the boundary 0E,. We shall identify the
group Hy(Eq,0E,) with the subgroup {h € H(T") : T\ E, = id} of H(T).

Let also
HYM(Ey,0E,) = Hy (o, 0)NH (D) and Ho(Ea, 0E) = Hi(Ea, 0E.)Ho(D).

It is easy to see that the group isomorphism

E:H(T) = OuecaHy (Eo,0E,), E:h— (h|Ey)aca,
establishes the topological equivalence of the triples (H4 (I'), HY¥(T'), Ho(T')) and
(DQGAH+ (Eaa aEa)v DaGAHiL (Eav aEa)7 ElozGAHO (Eom anz))
In the index set A consider the following three subsets:
S={a€A:E, is an isolated circle},
K ={a€ A:E, is compact},
N ={a€ A:E, isnot compact}.
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and observe that |S| = or and | K|+ |N|-Rg = kr + vr - Rg = er.
Propositions 5, 6, 10, 11 imply that for every a € A the triple
(H+(Ea,0E,), HY"(Ew,0Eq), Ho(Ea, 0E,))
is homeomorphic to
- (Txly, TxI,Txl) ifaes,
= (g1, 1) if e K\ S,
- (O%1, 0¥, 71y) if v € N.
Then we get the following homeomorphisms
(H4 (1), HYH(T), Ho(T))
~ (OacaHy(Ea,0Ey), OacaHY (Ea, 0E,), HacaHo(Ea, 0E,))
~ (05T x OFly x ONO¥1,, 05T x O x OVNOv, 35T x @51, x @Y ¥ 1)
~ (O°TT x O°Tly, 0T x 0015, [T x [T ly).
O

By analogy we can prove the compact-open version of Theorem 8:

Theorem 9. For any graph T' the triple (H4(T), HY™(T), Ho(T)) of the homeo-
morphism groups endowed with the compact-open topology is homeomorphic to

(1T > T 1, TIT < [T 8, TI°T % T ko).

12. THE AUTOMORPHISM GROUPS OF DIGRAPHS

In this section, we recall some infomation about automorphism groups Aut(T)
of digraphs f, which will be used in the next section to identify the quotient group
H(T')/H (L) with Aut(T) for certain digraph T associated to T.

By a directed graph (briefly, digraph), we understand a pair T'= (V, E), where V
is the set of vertices and E C V' x V is the set of (directed) edges of T. A digraph
T = (V,E) is said to be countable if the set V is at most countable (hence so is
V UE). By an automorphism of a digraph (V, E), we understand a bijective map
h:V — V such that (z,y) € E if and only if (h(x), h(y)) € E. Such automorphisms
form a group Aut(f) called the automorphism group of the digraph I' = (V,E).

The geometric realization |T'| of a digraph T' = (V, E) is the subspace Ueyyerl® ]
of the Banach space

L(V)={Z= (z0)vev €RY : ||T|| = > vey |To] < oo},
where each vertex z € V is identified with the characteristic function xy; : V —
{0,1} c Rand [z,y] = {(1 —t)z +ty : t € [0,1]} is the closed interval in [;(V)
connecting points z,y € I;(V). Then, we also regard |f| as a graph (i.e., a simplicial
complex) with the vertices € V' and the edges [z,y], (z,y) € E.

Each automorphism & of a digraph T' = (V, E) determines the unique simplicial
homeomorphism & : || — |T'| such that h(z) = h(x) and h is linear on each interval
[z,y] C |T| with (z,y) € V. Identifying cach h € Aut(T) with & € H(|[|), the
automorphism group Aut(I') of a digraph I can be embedded into the homomorpism
group H(|T]) of its geometric realization, where Aut(T) ¢ HPX(|T)).
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One shoud note that Aut(T’) 2 Aut(I") even if || = || as simplicial complexes.
As examples, consider three digraphs I'; = (V, Ey), Ty = (V, Eq), [y = (V, E3) with
the same set of vertices V = {1, —1,i,—i} C C and the sets of edges

Ey = (_1ai)7(i’ 1),(1,—i),(—i,—1)},
b = (_lai)’ (_17 _i)’ (iv 1)’ (17 _i)}a
E; = (71,2‘), (*17 *i)v (iv 1)v (*Z" 1)}
Ty —1 1 Ty —1 1 Ts —1 1

Then, |T'y| = |T'y| = |T's| but
Aut(Ty) = Zy = Z/4Z, Aut(Ts) = Zy = 7,27, Aut(Ts) = {id}.

It is easy to see that the subgroup Aut(T') is discrete with respect to the Whitney
topology inherited from H(|f|) In case of the compact-open topology, Aut(f) can
be embedded as a closed subspace of V'V, where V is the space of all vertices of
I' with discrete topology. Then, it is obvious that Aut(I) € VY is a topological
group. Since the Cartesian product of 0-dimensional metrizable spaces is also 0-
dimensional [20], we have the following proposition.

Proposition 12. The automorphism group Aut(f) endowed with the compact-open
(resp. WHitney) topology is a 0-dimensional (discrete) topological group.

The following classification of separable completely metrizable O-dimensional ho-
mogeneous spaces is well known, but for completeness, we shall give a proof.

Proposition 13. FEvery separable completely metrizable 0-dimensional homoge-
neous space is homeomorphic to one of the spaces: 2¥, 2% x N, N¥ N, or finite
space.

Proof. Let X be a separable completely metrizable 0-dimensional homogeneous
space. If X has an isolated point, then every point of X is isolated by the homo-
geneity of X. Hence, X is discrete space. Since X is separable, X must be N or
finite space.

Assume that X has no isolated point. In case X is compact, X is homemorphic
to 2¢ by the characterization of the Cantor space, that is, every nonempty compact
metrizable 0-dimensional perfect space is homeomorphic to 2¢ [13]. Finaly, we shall
consider the non-compact case. If X is not locally compact, then every compact set
in X has empty interior by the homogeneity of X. Since every separable completely
metrizable nonempty 0-dimensional nowhere localy compact space is homeomorphic
to the space of irrational numbers N* [13], we have that X is homeomorphic to N¥.
On the other hand, if X is locally compact, then X has an open cover U so that
each member of U has compact closure. Since X is 0-dimensional space, we can
take open cover refinement V of U such that each two members of V are disjoint.
Then, each member V' of V is clopen, hence compact. Since X has no isolated
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point, also V' is so. Thus, V is homeomorhic to 2¢. Therefore, X is homeomrphic
to 2 x N. [l

Thus, we have the following corollary:

Corollary 8. For a countable digraph T the automorphism group Aut(f) endowed
with the topology is homeomorphic to one of the spaces: 2¥, 2* x N, NY N, or
n={0,...,n—1} e N.

13. DESCRIBING THE QUOTIENT GROUP H(I")/H(T)

In this section, to each graph I' we assign a digraph T' whose automorphism
group Aut(T) is naturally isomorphic to the quotient group H(I')/H (I'), and will
show that the homeomorphism group H(I') is a semi-direct product of H(I") and
H(T)/H+(I'). We also give a proof of that the homeomorphism group H(I") en-
dowed with the compact-open topology is a topological group. Probably, these are
known result, but we could not find a corresponding reference.

We recall that a (topological) group G = N x H is a semi-direct product of two
(topological) groups N and H if N is a normal subgroup of G, H is a subgroup of
G and the map h: N x H — G, h: (z,y) — zy, is a bijection (a homeomorphism).

We shall identify H(I')/H (I') with the automorphism group Aut(T) of a certain
digraph T’ whose geometric realization \f| is homeomoprhic to T'.

First we do that for the graphs, PL homeomorphic to I = [0, 1], R, R4 or the
circle T = {z € C: |z| = 1} endowed with the PL-structure such that the covering
map R — T, t — e?™ is piecewise linear. The closed interval I, the circle T, the
closed half-line Ry and the real line R are respectively PL homeomorphic to the
geometric realizations of the digraphs I = (Vi, By), T = (Vr, Br), Ry = (e, Er,)
and R = (Vk, Er), where

Vi = {_1’ 0, 1}5 Ey = {(07 _1)a (07 1)};
Vr = {la —1,4, _i}v Er = {(Zv 1)7 (_iv 1)5 (_Li)v (_la _i)};
Ve, =w, Er, ={(n,n+1):ncw} and
Ve=2Z, Eg ={(n,n+1),(—n,—n —1) : n € w}.

h,EH : L [/']IVET : -1 1
—1

V 7l; :

(V... B,.) 0 1 2 3 4

Vo k) 5 3
Then, we have Aut(I) = {idy, 6;}, Aut(T) = {idr,fr} and Aut(R) = {idg, 6z} but
Aut(R,) = {idg, }, which are naturally isomorphic to H(I)/H4 (I), H(T)/H(T),
H(R)/H4+(R) and H(Ry)/H(Ry), respectively.
Write T'\T(® as the disjoint union '\ T'(®) = Uaca Eo of connected components
and for every a € A fix a PL homeomorphism ¢, : E, — M, onto a space
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M, € {I,T,R,R.}. If E, is a non-isolated circle, we additionally assume that
va(0FE,) C {1} C T.
Now, we define the digraph I' = (V, E) by letting

V=TOU (] gs"(Var,) and
acA

E={(pa'(2), 05" (v) : ¢ € A, (2,9) € En, }-

The digraph T’ will be called the associated digraph to the graph T'.

Since I' is PL-homeomorphic to the geometric realization || of T', we can identify
I with || and H(I') with H(|T'|). Also we identify the automorphism group Aut(T)
with the subgroup of HP%(I') = HFL(|T|) consisting of simplicial homeomorphisms
of [T'|. Let Aut.(I') denote the subgroup of Aut(T’), consisting of the automorphisms
of T with compact support.

To see H(T') = H (I') x Aut(I'), we shall show the follwing lemmas at first. Recall
that Aut(T') is closed (resp. discrete) subgroup of the homeomorphism group H(|T|)
endowed with the compact-open (resp. the Whitney) topology (see Section 12)

—

Lemma 8. There exists a continuous section s : H(T)/HL(T') — Aut(T') of the
quotient map q : H(T') — H(T)/H(T), ¢ : h— Hy(T)h.

Proof. For each h € H(T'), we have a bijection ¢ : A — A such that h(Ey) = Ey(q)
for o € A. For each a € A, let go : By — Fw(a) be the homeomorphism defined as
follows:

cp;(la)goa if gav,(a)hgagl : M, — M, is orientation-preserving,
Jo = @1;(1&)990(1 if Qy(ayheyt : Mo — M, is orientation-reversing,

where 0(z) = —x if M, =T or R; 8(z2) = z if M, = T (note M, # R in case
Ppayhpgt is orientation-reversing). Note that if Hy (I')h = H.(I')A’ then h and
h' define the same homeomorphism g¢,. Thus, we can define s(Hy(T)h) : T' —
I by s(Hi(T)R)T© = AT'® and s(Hy(T)h)|Es = ga, @ € A. Observe that
$(H4(T)h) € Aut(T) and g o s = id. The continuity of s is obvious. O

In fact, the above section s is a group isomorphism. Hence, we have that
Aut(T) = H(T)/H4+(T).

Lemma 9. For any h € H(T'), the set Hy(T)h N Aut(I') has ezactly one point.
Thus, we have s o q|Aut(T) = id.

Proof. By Lemma 8, each H, (I')h N Aut(I) is a non-empty set. Now, we shall
show that H_ (I)hNAut(T’) has at most one point. Suppose that f, g € Aut(T) and
H.(T)f = Hy(D)g. Then, it follows that f|IT(® = g[T'® and f(E,) = g(E,) for
each a € A. Let f(E,) = Eq. Note that f, = oo foi ! and g, = @argp, ! belong
to the same component of H(M,,). Since f, and g, are linear, they are coincide with
idag, or Ojr, according as they are orientation-preserving or orientation reversing,
respectively, where

Or, () =—x fMy=TorR; Op (2)=2 if M, =T

(note that f, and g, are idys, in case M, = Ry). This means that f, = g, and
flEa = ¢! fava = 00} GatPa = g|E, for each a € A, that is, f = g. O
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Lemma 10. For any graph T, the composition map H(T) x H(T) 3 (f,g) — fog €
H(T) is continuous with respect to the compact-open and the Whitney topologies.

Proof. For the continuity with respect to the Whitney topology, refer Proposi-
tion 4.14 of [4]. Now we shall consider the compact-open topology. Let K be a com-
pact set and U an open set in I'. Suppose that fog € [K, U], hence g € [K, f~1(U)].
Replacing U with smaller one, we may assume that clp(g(Eq)Nf~1(U)) is compact
for all & € A. Since only finitely many E, meets K, we can take a neighborhood
U of g so that ¢'(E,) = g(E,) if E, N K # 0 and ¢’ € U. Observe that

F=cr| )| g €K FHU)NU}
Celp| {g(Bo) N fHU) | EaNK #0, a € A}.
Then, F is compact. Let I';y be a compact subgraph of I' which contains F'. Since
g(K) C f~1(U)NTy, we can take an open neighborhood W of g(K) in I'y such that

g(K)CW Cclp W C f~Y(U). Let W be an open set in T such that W NT; = W.
Now, we define a neighborhood W of (f, g) in H(I') x H(T') by

W = [clr W,U] x ([K, W] [K, f~HU)]NU).

Then, we have f"o g’ € [K,U] for any (f',¢') € W. Indeed, ¢’ € K, f~YU))nu
means that ¢/(K) C F CTyand ¢/(K) CTHNW =W Celpr W. O

In Section 15, we shall show that H, (T') is a normal subgroup of H(T"). Then,
the following proposition implies that H, (I') x Aut(I') = H(T).

Proposition 14. Let T" be a graph and T be the associated digraph. Then,
(i) the map p: Hy () x Aut(T) — H(D), (f.g) — fog, is a homeomorphism
with respect to the compact-open and the Whitney topologies;
(i) p(HPE(T) x Aut()) = HPH(D);
(i) pu(Ho(T) x Auto(T)) = He(T).

Proof. By Lemma 10, p is continuous with respect to the both topologies. Thus,
it suffices to show that p has the continuous inverse. Let s be the section of ¢ in
Lemma 8. Since Aut(f) is a topological group, we can define the map ¢ : H(T") —
Ho (D) x Aut(T) by ¢(h) = (hos(q(h))~1, s(q(h))). Then, observe that po ¢ = id
and ¢ o = id, that is, ¢ = p~'. Thus, u is a homeomorphism. (I

Finally, we have the following.

Proposition 15. For any graph T, the homeomorphism group H(T') endowed with
the compact-open topology is a topological group.
Proof. By Lemma 10, the composition map is continuous. We shall show that the
inverse operator is continuous. Since H(I') = H (I') x Aut(I') by Proposition 14, it
is sufficient to show that both H (I') and Aut(T’) are topological groups. Indeed,
we can express the inverse operator on H(I') as the composition of the inverse
operators on H. (I') and Aut(T).

Recall that H (T") is expressed as the product of topological groups, that is, the
following map E is a group isomorphism (see the proofs of Theorems 8 and 9):

:He (D) = [] He(Bar0Ea), E:h (h[Ea)aea.
a€A

(1]
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Due to [7], the homeomorphism group H(X) endowed with the compact-open topol-
ogy is a topological group if each point of X has a compact connected neighborhood.
Hence, H (E,,0E,) is a topological group for each o € A. Thus, H.(T) is also
so. We have already known that Aut(f‘) is a topological group (see Section 12).
Therefore, H(T') is a topological group. O

14. PROOF OF THEOREMS 1-3

Combining Proposition 14 with Theorems 9 and 8, we obtain Theorems 1 and 2
announced in the Introduction.

To prove Theorem 3, assume that I' is a non-compact graph and let r'= (V, E)
be the associated digraph. By the definition of ', we have |V| < pr + 4er. Now
consider two cases.

(1) 2Pr > 2¢0. Let Vy C V denote the set of isolated point of the graph |T|. It
follows that the group Aut(f) contains the subgroup S of all bijections of the set
Vo. Since |Vy| = pr > Vg, the group S has cardinality |S| = 2P". Now it follows
from

270 = |8] < [Aut(D)| < [V|V! < (pr + ep)Prter = 2prter — grr

that [Aut(T)| = 2°rter and thus
(H(P)a HPL(P)7 HO(F))
X (Aut(F) x 0T x O Iy, Aut(T) x 0T x 0¢r i, {id} x EO7T x [°r)
A (2Prer x OOTT x [ [y, 2P0 Her & [°PT x 0714, 1 x [@TT x [°T)).
2
(2) 2Pr < 2°T. The non-compactness of I" implies that pr + er > Ry and hence
er is infinite. Then |V| < pr 4 4der = pr + er and thus
|Aut(f)\ < |V||V\ < (pr + ep)Prter < gprter — ger,
Applying Proposition 9, we conclude that
(Aut(T) x 0T, Aut(T) x 015, {id} x [T 1,)
Ao (2Prter s [er ]y, 2Prter o e lf 1 x [T 1)
~ (O, 0TI [er 1)

where Aut(I') is endowed with the Whithey topology (and hence is discrete).
Combining this fact with Theorem 2, we get the desired homeomorphism:

(H(T), "™ (T), Ho(T))
X (Aut(T) x 0T x O Iy, Aut(T) x 0T T x 071, {id} x TOTT x o ly)
A (2PrHer o T x [T [y, 2PrHer x OOTT x 071, 1 x [O7T x [0 1)
A (°FT x 0Ty, 07T x TS, 07T x [°Tly).

15. THE IDENTITY COMPONENTS OF H(T')

In this section we shall prove Proposition 1 announced in the introduction. Tak-
ing into account that the group Aut(T’) is zero-dimensional, we see that Theorem 1
implies the “compact-open” part of Proposition 1.
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Lemma 11. The group Hy (L) (resp. HYY(T)) coincides with the idenity compo-
nent of the homeomorphism group H(T) (resp. HPY(T)) endowed with the compact-
open topology.

In fact the topological structure of the automorphism group Aut(I') can be re-
covered from the topological structure of the group H(T'):

Proposition 16. Let I' be a graph and T be its associated digraph. The automor-
phism group Aut(f) endowed with the compact-open topology is homeomorphic to
the space of quasi-components of the group H(T') endowed with the compact-open
topology.

The subgroup H4 (I"), being the connected component of H(I"), is normal and
closed in H(T") with compact-open topology. Next, we show that H (T") is open in
the Whitney topology.

Proposition 17. H(T) is an open normal subgroup of the group H(T) endowed
with the Whitney topology.

Proof. For any h € H.(T') and any closed edge E,, in T, h|E,, is isotopic to idg_in
E.. Hence, g~ 'hg|Ey ~ g 'g|E, = idg_ in E, for all g € H(T). Thus, g~ 'hg|E,
is orientation-preserving in E,,, and we have g~ 'hg € H (I'). This is the normality
of H+ (F)

To see open, take two points v{,v§ € E, for any a € A. It follows from the
definition of the CW-topology on T' that the set A = T U {vf 0§ : a € A} is
discrete in I'. Thus, for any v € A, we can take a neighborhood U, such that
U,NU, =0 if v,w e Aand v # w. Then, Y = {U, : v € AJU{T'\ A} is an
open cover of I'. For any h € H(T'), take any g € H(T") with g € U(h). From the
definition of U, g(v) € U, for any v € A and g(w) = w for any w € T'©). Hence,
g|E must be orientation-preserving in E,, for any o € A. Thus, H, (') is open
in H(T). O

Corollary 9. The quotient group Aut(T') = H(T')/H4(T) endowed with the quo-
tient Whitney topology is discrete.

Next we describe the identity component of the group H(I') endowed with the
Whitney topology and hence prove the second part of Proposition 1.

Lemma 12. The identity component of the group H(T') endowed with the Whitney
topology coincides with the subgroup Ho(I') = Ho (') N H(T).

Proof. Since T' is a paracompact space, we may apply Proposition 4.2 of [4] to
conclude that the identity component Cy of the homeomorphism group H(T") lies in
the subgroup H.(T'). The subgroup H ('), being open in H(T"), also contains Cj.
Consequently, Cy C H4(I') N H (') = Ho(I'). On the other hand, by Theorem 2,
the group Ho(T') is homeomorphic to [H°TT x [D¢rly, which is connected. Thus,
Ho(T') € Cy. Unifying both the inclusions, we obtain the required equality Cy =
Ho(T). |

By the same argument, we can prove

Lemma 13. The identity component of the group HY“(T) endowed with the Whit-
ney topology coincides with the subgroup

HEE(T) = HPE(T) 0 Ho(T) = HEH(T) M. ().
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16. PROOF OF PROPOSITION 3

Let k be any cardinal.

(1) First we prove that b1 (0°T) = k. Werecall that by ((*T) = dimg H; (*T; Q).
Using the definition of the box topology on [1*T, it is easy to show that for each
compact subset K C [1*T there is a finite subset F' C xk with

K CTF = {(za)acs € BT : Ya € 5\ F (2o = 1)}.

This property of [1*T, combined with the compact support axiom for the sin-
gular homologies (see [22, 4.§8.11]) implies that the homology group H;(E"T;Q)
coincides with the direct limit of the spectrum {H;(TF;Q) : F C &, |F| < oo}.
Since for each finite subset F' C x the homology group H;(T¥; Q) is isomorphic to
QF, we get that H'(E1*T; Q) is isomorphic to &*Q and hence

b1 (°T) = dimg Hy (3°T; Q) = dimg(®"Q) = &.

(2) Next, we prove that b'([["T) = . Since [["T coincides with the limit of
the inverse spectrum {T¥ : F C &, |F| < oo} the continuity of Cech cohomologies
(see [10, VIIL.6.18]) implies that H([]"T;Q) is the direct limit of a spectrum
{HY(TF;Q) : F C K, |F| < oo}. Since each group H'(T¥;Q) is isomorphic to QF,
we conclude that H YTT"T) is isomorphic to the direct sum ®*Q and consequently,

VHIT"T) = dimg([["T; Q) = dimg(2*Q) = .

(3) Finally, we prove that cb!( []*T) = . Observe that each continuous function
f: K — [I°T from a compact Hausdorff space K can be written as f = io f
where f = f: K — f(K) and i : f(K) — []"T is the inclusion map. Then the
induced operator f* : H'([[*T) — H'(K) can be written as f* = f* o* where
i* . HY(T]"T) — HY(f(K);Q) and f* : H'(f(K);Q) — HY(K;Q) are linear
operators induced by the maps i and f, respectively.

Taking into account that the weight w(f(K)) of the compactum f(K) does not
exceed , we conclude that dimg H'(f(K); Q) < w(f(K)) < & by the continuity of
the Cech cohomologies, see [10, VIIL.6.18]. Consequently,

dimg f*(H' (T]"T)) < dimg f*(H'([I"T)) < dimg H'(f(K); Q) < &,

which implies cb!([[*T) < .

To prove the reverse inequality, for every a € k consider the projection pr,, :
[I°T — T onto the ath coordinate circle and the embedding e, : T — [[*T
assigning to each point x € T the sequence (zg)gex, such that z, = z and zg =1
for all g # a.

It is clear that the union K = J,., ea(T) is a compact subset of [[*T. Denote
by i : K — []"T the inclusion map. The chain of the maps

T o K -5 [[°T 2= 1
with pr, oioe, = id induces the chain of linear operators

HY(T;Q) <= [1'(K;Q) <= H([I"T;Q) 2= #Y(T; Q)
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with e}, 0 * o pr} = id. Fix any non-zero element g € H'(T;Q) and consider its
image g, = i* o pri(g) € *(H'([["T;Q)) ¢ H*(K,Q). It is non-zero because
en(ga) =9 #0.

We claim that the vectors g, a € k, are linearly independent and consequently,
dimg i*(H'(K;Q)) > x. For every a € &, consider the linear operator

P,=i*oprioe’ : H(K;Q) — H'(K;Q)
and observe that
Po(ga) =" oprg 0 €q(ga) = 1" oprg oeg 0i”opri(g) =
=i"opry o (pry 0ioes) (g) =i opry 0id™(g) =i" 0r3(g) = ga
while for every § # a in k we get
Pa(gp) = i* oprg oei(gs) =i opry oeg 0i* opri(g) =
=i"opr; o (prﬂ oioeq) (g)=1i"oprio0"(g) =0

because prgoioe, : T — {1} C T is a constant map.
To see that the vectors g,, a € k, are linearly dependent assume that

O:Z)‘(O‘)'Qa

ackR

for some function A : K — Q such that the set {a € k : A(«) # 0} is finite. Applying
the operators Pg, B € k, to the above equality, we conclude that

0=P3(0) = Ps( Y _Aa)-ga) =D _Ae) - Ps(ga) = MB) - gs

aER acEr

and thus A\(8) = 0. This means that A = 0 and the vectors g,, a € k, are linearly
indepenedent. ([
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