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Abstract. Given a metric Peano continuum X we introduce and study
the Hölder Dimension Hö-Dim(X) = inf{d : there is a 1

d
-Hölder on-

to map f : [0, 1] → X} of X as well as its topological counterpart
Hö-dim(X) = inf{Hö-Dim(X, d) : d is an admissible metric for X}. We
show that for each convex metric continuum X the dimension Hö-Dim(X)
equals the fractal dimension of X. The topological Hölder dimension
Hö-dim(Mn) of the n-dimensional universal Menger cube Mn equals n.
On the other hand, there are 1-dimensional rim-finite Peano continua
X with arbitrary prescribed Hö-dim(X) ≥ 1.

In this paper we are interested in controlled versions of two important
topological results:

Theorem 1 (Alexandroff-Urysohn, 1929). Each metric compact space is a
continuous image of the Cantor set.

Theorem 2 (Hahn-Mazurkiewicz, 1914). Each metric compact connected
locally connected space X is a continuous image of the arc [0, 1].

In fact, the latter theorem can be derived from the former: given a locally
connected metric continuum X first find a continuous surjective map f :
C → X from the Cantor set and then use the (local) path-connectedness to
extend the map f onto the whole interval [0, 1] ⊃ C.

The controlled versions of the Alexandroff-Urysohn and Hahn-Mazurkiewicz
Theorems we are interested in treat possible continuity moduli of surjective
maps from a Cantor set or [0, 1] onto a given metric space.

By the continuity modulus ωf of a function f : X → Y between metric
spaces (X, d), (Y, ρ) we understand the function ωf : [0,+∞) → [0,∞]
assigning to each non-negative real number t ≥ 0 the (finite or infinite)
number

ωf (t) = sup{ρ(f(x), f(x′)) : d(x, x′) ≤ t}.
It is clear that ωf is a non-decreasing function with ωf (0) = 0. It is con-
tinuous at zero if and only if the function f is uniformly continuous (the
latter happens if f is continuous and X is compact). If X = [a, b] is a closed
interval, then ωf is bounded, continuous and subadditive in the sense that
ωf (a + b) ≤ ωf (a) + ωf (b) for all a, b ∈ [0,+∞).
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Having in mind these properties of continuity moduli, by a continuity
modulus we shall understand any continuous non-decreasing subadditive
function ω : [0,+∞) → [0,∞) such that ω(0) = 0. It is easy to see that
each continuity modulus ω coincides with the continuity modulus of ω.

In this paper we consider the following two general problems related to
the Hahn-Mazurkiewicz and Alexandroff-Urysohn Theorems.

Problem 1. Given a continuity modulus ω describe metric compacta X
which are images of an interval [a, b] under a surjective map f : [a, b] → X
with continuity modulus ωf ≤ ω.

Problem 2. Given a continuity modulus ω describe metric compacta X
which are images of a Cantor set C ⊂ R under a surjective map f : C → X
with continuity modulus ωf ≤ ω.

By a Cantor set we shall understand any zero-dimensional compact subset
C ⊂ R without isolated point. According to the classical Brouwer Theorem
(1910) any Cantor set is homeomorpic to the standard Cantor set in [0, 1].

1. Hölder Dimension of Peano continua and some motivation

Functions f whose continuity modulus has polynomial decrease are well-
known in analysis as Hölder functions. We recall that a function f : X → Y
between two metric spaces (X, d), (Y, ρ) is α-Hölder for some constant α if
there is a positive C such that

ρ(f(x), f(x′)) ≤ C · d(x, x′)α for all x, x′ ∈ X.

Lipschitz functions are particular cases of α-Hölder functions with Hölder
constant α = 1. Observe that a function f is α-Hölder iff there is a constant
C such that ωf (t) ≤ C · tα for all t ≥ 0.

Now it is time for some history. The Hahn-Mazurkiewicz Theorem was
a culminating point in investigations initiated by the famous example of
G.Peano who constructed a continuous map f : [0, 1] → [0, 1]2 of the
interval onto the square. Afterward, compacta that are continuous im-
ages of the interval were referred to as Peano continua. The Peano map
f : [0, 1] → [0, 1]2, being continuous, cannot be differentiable or Lipschitz.
Ya.Mykytyuk, an analyst from Lviv has asked the first author if such a
Peano map f : [0, 1] → [0, 1]2 can be α-Hölder for a suitable Hölder constant
α. Inspecting the classical construction of the Peano map f : [0, 1] → [0, 1]2

the first author invented that indeed, it is 1
2 -Hölder and the constant 1

2 is
the largest possible. Similarly, the n-dimensional cube [0, 1]n is the image of
the interval [0, 1] under a suitable 1

n -Hölder function f : [0, 1] → [0, 1]n with
Hölder constant 1

n , which is the best possible.
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These observation led the authors to introducing a new dimension func-
tion Hö-Dim(X) of a metric Peano continuum X, called the Hölder dimen-
sion of X:

Hö-Dim(X) = inf{d : there is a surjective 1
d -Hölder map f : [0, 1] → X}

if X is the image of [0, 1] under a Holder map and Hö-Dim(X) = ∞ other-
wise.

Equivalently, Hö-Dim(X) can be defined as the smallest number d such
that for any ε > 0 the space X is the image of [0, 1] under a 1

d+ε -Hölder
map.

Problem 3. Investigate Hölder dimension Hö-Dim and its interplay with
other dimension functions of metric Peano continua.

Problem 4 (of attainability). Characterize metric Peano continua X which
are images of the interval [0, 1] under an α-Hölder map with 1

α = Hö-Dim(X).

The answer to the latter question is known for α = 1: a metric continuum
X is an image of [0, 1] under a Lipschitz map iff X has finite length, see
[Fr]. Problem 4 is not trivial as there are metric Peano continua X with
Hö-Dim(X) = 1 of infinite length, see Remark 1.

Like many metric dimensions, the Hölder dimension is not raised by Lip-
schitz maps.

Proposition 1. If f : X → Y is a surjective 1
α -Hölder map between metric

Peano continua, then Hö-Dim(Y ) ≤ α · Hö-Dim(X).

This simple proposition follows immediately from the definitions but it
shows that the Hölder dimension Hö-Dim is invariant under bi-Lipschitz
homeomorphisms (i.e., homeomorphisms h such that both h and its inverse
h−1 are Lipschitz). However Hölder dimension is not preserved by arbitrary
homeomorphisms (for example, the Koch curve K
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1).

On the other hand, the metric invariant Hö-Dim has its topological version

Hö-dim(X) = inf{Hö-Dim(X, d) : d is an admissible metric on X}
defined for any Peano continuum X and invariant under homeomorphisms.
As we shall see later, Hö-Dim([0, 1]n) = Hö-dim([0, 1]n) = n for any n ≥ 1,
so Hö-dim has the basic feature of the usual topological dimension dim.
One can guess that Hö-dimX equals dimX. However this is not so: Hö-dim
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is a new topological invariant which (unlike classical topological dimension
functions) can take any real value ≥ 1, see Corollary 5.

We start studying Hö-dim with its metric origin, the Hölder dimension
Hö-Dim. For this we shall need a controlled version of Alexandroff-Urysohn
Theorem on continuous images of Cantor sets, which could have an inde-
pendent value.

2. Fractal dimension and controlled version of
Alexandroff-Urysohn Theorem

By analogy with the Hölder dimension of metric Peano continua we could
introduce a metric dimension function classifying images of Cantors sets
under Hölder maps. However such a dimension function coincides with the
fractal dimension, well-known in the Theory of Fractals, see [Ba].

The fractal dimension Dim(X) of a totally bounded metric space X is de-
fined with help of the function NX(ε) assigning to each positive real number
ε > 0 the smallest size of a cover of X by subsets of diameter < ε.

We shall write NX(ε) = O(ε−d) for a positive real number d if there is
a constant C such that NX(ε) ≤ C · ε−d for all ε > 0. If, in addition,
there is another constant c > 0 such that NX(ε) ≥ c · ε−d, then we write
NX(ε) = O∗(ε−d).

We put
Dim(X) = inf {d : NX(ε) = O(ε−d)}

if NX(ε) = O(ε−d) for some real d and Dim(X) = ∞ otherwise.
For an n-dimensional cube [0, 1]n we get NX(ε) = O∗(ε−n) and thus

Dim([0, 1]n) = n (however, the fractal dimension has some counterintuitive
properties; for example, the fractal dimension of the convergent sequence
{0, 1

n : n ∈ N} is strictly positive, see [Ed, 6.5.4]).
A map f : X → Y between two topological spaces is called perfect if it is

continuous and f−1(K) is compact for each compact subset K ⊂ Y .

Theorem 3. For a real number d > 0 and a totally bounded metric space
X the following conditions are equivalent:

(1) the fractal dimension Dim(X) < d;
(2) X is the image of some subset C ⊂ [0, 1] under a 1

α -Hölder map
f : C → X with α < d;

(3) X is the image of a Lebesgue null subset C ⊂ [0, 1] under a perfect
1
α -Hölder map f : C → X with α < d.

We shall derive this theorem from the following two propositions related
to the general Problem 2.

Proposition 2. Let ω be an increasing continuity modulus and X be a
totally bounded metric space. If X is the image of some subset C of an
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interval [a, b] under a map f : C → X with ωf ≤ ω, then NX(ε) ≤ 1+ b−a
ω−1(ε)

for all ε > 0.

Proof. Assume that X is the image of a subset C ⊂ [a, b] under a map
f : C → X with ωf ≤ ω. Given ε > 0 consider the smallest integer m

greater than b−a
ω−1(ε) and note that m ≤ 1 + b−a

ω−1(ε) . By the continuity of

ω−1(·), there is δ > 0 such that b−a
ω−1(ε−δ)

≤ m. Then ω−1(ε − δ) ≥ b−a
m and

thus ω( b−a
m ) ≤ ε − δ. Write [a, b] =

⋃m
k=1 Ik as the union of closed intervals

of length b−a
m . Then diam f(Ik ∩C) ≤ ω(diam Ik) = ω( b−a

m ) ≤ ε− δ < ε and
thus X can be covered by m subsets f(C ∩ Ik), k ≤ m, of diameter < ε,
which proves the inequality NX(ε) ≤ m ≤ 1 + b−a

ω−1(ε)
. �

Proposition 3. Let ω be an increasing continuity modulus and (X, ρ) be a
compact metric space of diameter ≤ 1. If s =

∑∞
n=1 NX(2−n)ω−1(2−n+3) <

∞, then X is the image of some closed Lebesgue null subset C ⊂ [0, s] under
a continuous map f : C → X with ωf ≤ ω.

Proof. We shall say that a subset S of the metric compactum (X, ρ) is ε-
separated if ρ(x, y) > ε for any distinct x, y ∈ S. By induction we can
construct an increasing sequence

S0 ⊂ S1 ⊂ S2 ⊂ . . .

of finite subsets such that for every n ≥ 0 the set Sn is maximal 2−n-
separated in X. Note that S0, being 1-separated in the metric space X of
diameter ≤ 1, consists of a unique point. It will be convenient to put Sn = ∅
for n ≤ −1. Let also S =

⋃
n≥0 Sn.

Note that |Sn| ≤ N(2−n). Indeed, take any cover C of X by subsets of
diameter < 2−n with |C| = N(2−n) and observe that distinct points of Sn

belong to distinct elements of the cover C.
The maximality of Sn implies that for each x ∈ X there is y ∈ Sn with

ρ(x, y) ≤ 2−n. This allows us for every n ≥ 0 choose a retraction rn+1 :
Sn+1 → Sn such that ρ(x, rn+1(x)) ≤ 2−n for all x ∈ Sn+1.

For every n ≥ 0 define the retraction Rn : S → Sn letting Rn(x) = x for
x ∈ Sn and Rn(x) = rn+1 ◦ · · · ◦ rm(x) for x ∈ Sm \ Sm−1, m > n. In the
latter case we get ρ(x,Rn(x)) ≤

∑m
k=n+1 2−k+1 < 2−n+1.

Endow each set Sn with a linear order ≤n such that ≤n extends ≤n−1

and for any x <n−1 y in Sn−1 and any z ∈ Sn \ Sn−1 with rn(z) = x we get
x <n z <n y. These (compatible) orders ≤n on Sn’s induce a linear order ≤
on the union S =

⋃
n≥0 S0.

Assign to each point x ∈ Sn\Sn−1, n ≥ 0, the weight w(x) = ω−1(2−n+3).
Now consider the map g : S → R, g : x 7→

∑
y≤x w(y) and observe that
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g(S) ⊂ [a, b], where a = ω−1(23) and

b =
∑

n≥1

∑

x∈Sn\Sn−1

w(x) =
∑

n≥0

|Sn \ Sn−1| · ω−1(2−n+3) ≤

≤
∑

n≥1

NX(2−n)ω−1(2−n+3) = s.

The map g is increasing with respect to the linear order ≤ on S. So we
can consider the inverse map f = g−1 : g(S) → S. We claim that f is
uniformly continuous map with ωf ≤ ω. Given two distinct points x, y ∈ S
we should prove that ρ(x, y) = ρ(f(g(x)), f(g(x)) ≤ ω(|g(x) − g(y)|), which
is equivalent to |g(x) − g(y)| ≥ ω−1(ρ(x, y)).

Without loss of generality we can assume that x < y. Let k ≥ 1 be the
largest number such that Rk(x) = Rk(y). Then

ρ(x, y) ≤ ρ(x,Rk(x)) + ρ(Rk(y), y) ≤ 2−k+1 + 2−k+1 = 2−k+2.

On the other hand, the maximality of k means that x′ = Rk+1(x) is not
equal to y′ = Rk+1(y) ∈ Sk+1. Then x′ ≤ x < y′ ≤ y and |g(y) − g(x)| =∑

x<z≤y w(z) ≥ w(y′) ≥ ω−1(2−(k+1)+3) = ω−1(2−k+2) ≥ w−1(ρ(x, y)).
Being uniformly continuous, the map f : g(S) → S can be extended to a

uniformly continuous map f : g(S) → X defined on the closure C = g(S) of
g(S) in [a, b]. Because of the density of S in X the extended map f we will
surjective and will have the same continuity modulus ωf ≤ ω. It remains to
note that C is Lebesgue null set in [a, b] since its complement is a countable
union of open intervals of total length b − a. �

Proof of Theorem 3. Let (X, ρ) be a totally bounded metric space and
d > 0 be a positive real number. We shall prove the implications (3) ⇒
(2) ⇒ (1) ⇒ (3) from Theorem 3. In fact, the first implication is trivial.

To prove that (2) ⇒ (1) assume that X is the image of some subset C ⊂
[b, a] under a 1

α -Hölder map f : C → X with α < d. Then ωf (t) ≤ Ct1/α for
some positive constant C. Applying Proposition 2 we get NX(ε) ≤ 1+ b−a

ω−1(ε) ,

where ω(t) = Ct1/α. Since ω−1(ε) = (ε/C)α, we get NX(ε) ≤ 1 + (b −
a)Cαε−α and thus NX(ε) = O(ε−α), which means that Dim(X) ≤ α < d.

To prove (1) ⇒ (3) consider the completion (X̄, ρ) of the metric space
(X, ρ), which can be assumed to have diameter ≤ 1 (if necessary, we can
replace the metric ρ by ρ

diam X ). Let us show that the functions NX̄ and NX

coincide. The inequality NX ≤ NX̄ is trivial. To show that NX ≤ NX̄ , given
any ε > 0, pick an cover C of X by subsets of diameter < ε with |C| = NX(ε).
Without loss of generality, we can assume that each set C ∈ C is open. Then
the closure C̄ of C in X̄ has diameter < ε and C̄ = {C̄ : C ∈ C} is a cover
of X̄ . Consequently, NX̄(ε) ≤ |C̄| ≤ |C| = NX(ε).

It follows from the equality NX̄ = NX that Dim(X̄) = Dim(X). Assum-
ing that Dim(X) < d, we get Dim(X̄) = Dim(X) < d. Take any α, β with
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Dim(X̄) < α < β < d. It follows that NX̄(ε) ≤ Cε−α for some constant
C (not depending on ε). Consider the continuity modulus ω(t) = t1/β and
note that

s =
∑

n≥1

NX̄(2−n)ω−1(2−n+3) ≤
∑

n≥1

C(2−n)−α(2−n+3)β =

=C 23β
∑

n≥1

1
2(β−α)n

< +∞.

Applying Proposition 3, we can find a continuous onto-map f : C → X from
a closed Lebesgue null subset C ⊂ [0, s] with ωf ≤ ω. Then f is 1

β -Hölder.
Restricting f to f−1(X), we get a perfect 1

β -Hölder map from the Lebesgue
null subset f−1(X) ⊂ [0, s] onto X.

3. Hölder Dimension: some lower bounds

With Theorem 3 in hands we return to studying the Hölder Dimension.
We start with lower bounds for Hö-Dim. Let us note that the implication
(2) ⇒ (1) of Theorem 3 yields us a lower bound Dim ≤ Hö-Dim for the
Hölder dimension. It can be improved by inserting in between of Dim and
Hö-Dim another dimension function S-Dim of metric Peano continua, related
to the property S.

We recall that a metric space X has the property S if for any ε > 0 the
space X can be covered by finitely many connected subsets of diameter < ε.
The smallest cardinality of such a cover is denoted by SX(ε). Thus we obtain
a function SX called the S-function on X. Replacing the function NX in
the definition of the fractal dimension by the S-function SX we will get the
definition of S-dimension. Namely, we put

S-Dim(X) = inf{d : SX(ε) = O(ε−d)}

if such a d exists and S-Dim(X) = ∞, otherwise. So, the S-dimension S-Dim
can be considered as a connected counterpart of the fractal dimension Dim.

Theorem 4. Dim(X) ≤ S-Dim(X) ≤ Hö-Dim(X) for any metric Peano
continuum X.

The first inequality is trivial while the second one follows from the sub-
sequent Proposition that can be proved by analogy with Proposition 2.

Proposition 4. If a metric space X is the image of an interval [a, b] under
a map f : [a, b] → X with ωf ≤ ω for some increasing convexity modulus ω,
then SX(ε) ≤ 1 + b−a

ω−1(ε)
for all ε > 0.
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4. Hölder Dimension: an upper bound

As we saw in the preceding section, Dim(X) ≤ Hö-Dim(X) for any metric
Peano continuum X. It turns out that this inequality turns into equality if
the metric of X is convex, or more generally, Dim(X)-convex.

We recall that a metric space (X, d) is convex if for any points x, y ∈ X
there is an isometric embedding γ : [0, d(x, y)] → X with γ(0) = x and
γ(d(x, y)) = y. By the famous Bing-Moise Convexification Theorem [Bi],
[Mo] each Peano continuum has an equivalent convex metric.

Convex metrics are particular cases of d-convex metrics, where d > 1 is
a real number. We shall say that a metric ρ on X is d-convex if there is
a positive constant C such that for any points x, y ∈ X there is a path
γ : [0, 1] → X such that

γ(0) = x, γ(1) = y and ρ(γ(t), γ(t′)) ≤ C · ρ(x, y) · |t − t′|1/d

for all t, t′ ∈ [0, 1].
By the convexity degree degconv(X) of a metric space X we understand

the infimum of real numbers d such that the metric of X is d-convex. We put
degconv(X) = ∞ if no such a d exists. It is easy to see that degconv(X) ≥ 1
for any metric space X containing more than one point, and that each convex
metric space X has degconv(X) = 1. On the other hand, it can be shown
that the famous Koch curve K
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has degconv(K) = log3 4.

Theorem 5. Hö-Dim(X) ≤ max{Dim(X),degconv(X)} for any metric Peano
continuum X.

Proof. Given any real number d > max{Dim(X),degconv(X)} we should
construct a 1

d -Hölder surjective map f : [0, 1] → X. Applying Theorem 3 we
can find a surjective 1

d -Hölder map g : S → X defined on a closed Lebesgue
null subset S of some interval [a, b] with a, b ∈ S. Find a constant C ≥ 1
such that ρ(g(x), g(y)) ≤ C|x − y|1/d for all x, y ∈ S. The constant C can
be taken so large that any two points x, y ∈ X can be linked by a path
γ : [0, 1] → X with

ρ(γ(t), γ(t′)) ≤ C · ρ(x, y) · |t − t′|1/d

for all t, t′ ∈ [0, 1] (this follows from the inequality degconv(X) < d).
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Write the complement [a, b] \ S =
⋃

k∈N(ak, bk) as the disjoint union of
open intervals. For every k ≥ 1 we can find a path γk : [0, 1] → X such that

γk(0) = g(ak), γk(1) = g(bk) and ρ(γk(t), γk(t′)) ≤ C·ρ(g(ak), g(bk))·|t−t′|1/d

for all t, t′ ∈ [0, 1].
Extend the map g onto the whole interval [a, b] letting g(t) = γk

(
t−ak
bk−ak

)

for t ∈ (ak, bk), k ≥ 1. We claim that so-extended map g is still 1
d -Hölder.

More precisely, ρ(g(t), g(t′)) ≤ (C + 2C2) · |t − t′|1/d for any points t < t′ in
[a, b].

We consider 5 cases.
1) If t, t′ ∈ S, then ρ(g(t), g(t′)) ≤ C|t − t′|1/d ≤ (C + 2C2)|t − t′|1/d.

2) t, t′ belong to some interval [ak, bk], k ≥ 1. In this case

ρ(g(t), g(t′)) ≤C · ρ(g(ak), g(bk)) ·
( |t − t′|

bk − ak

)1/d
≤

≤C · (C|ak − bk|1/d) ·
( |t − t′|

bk − ak

)1/d
= C2|t − t′|1/d.

3) t ∈ S, t′ /∈ S. Then t′ ∈ (ak, bk) for some k with t ≤ ak < t′ and thus
ρ(g(t), g(t′)) ≤ ρ(g(t), g(ak))+ρ(g(ak), g(t′)) ≤ C|t−ak|1/d+C2|t′−ak|1/d ≤
(C + C2)|t − t′|1/d.

4) By analogy, we can show that ρ(g(t), g(t′)) ≤ (C+C2)|t−t′|1/d if t /∈ S,
t′ ∈ S.

5) Finally, consider the case t, t′ /∈ S and find k,m with t ∈ (ak, bk) and
t′ ∈ (am, bm). Then t < bk ≤ am ≤ t′ and

ρ(g(t), g(t′)) ≤ρ(g(t), g(bk)) + ρ(g(bk), g(am)) + ρ(g(am), g(t′)) ≤

≤C2|t − bk|1/d + C|bk − am|1/d + C2|am − t′|1/d ≤

≤(2C2 + C) · |t − t′|1/d.

�

Corollary 1. Dim(X) = S-Dim(X) = Hö-Dim(X) for any metric Peano
continuum X with degconv(X) ≤ Dim(X).

Corollary 2. Dim(X) = S-Dim(X) = Hö-Dim(X) for any convex metric
continuum X.

Corollary 3. Hö-Dim([0, 1]n) = Dim([0, 1]n) = n for any n ∈ N.

Problem 5. Is S-Dim(X) = Hö-Dim(X) for any metric Peano continuum?

The answer to this problem is affirmative for metric Peano continua X
with degconv(X) ≤ S-Dim(X). One can ask if the latter inequality always
hold. However it is not the case. This follows from an easy observation.
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Proposition 5. If (X, ρ) is a metric Peano continuum with degconv(X) <
∞, then there is a constant C such that any two points x, y ∈ X can be
linked by a path of diameter ≤ C · ρ(x, y).

Now it is easy to distort the standard metric d(x, y) = |x−y| on I = [0, 1]
to get a metric ρ ≤ d with degconv(I, ρ) = ∞. Nonetheless Dim(I, ρ) =
S-Dim(I, ρ) = Hö-Dim(I, ρ) = 1 because ρ ≤ d.

5. Topological setting

All dimension functions considered in the preceding sections have metric
nature and are not preserved by homeomorphisms. However, taking infimum
of values of such a function over all admissible metrics on a given continuum,
we will get a dimension function invariant under homeomorphisms.

Namely, for a Peano continuum X denote by M(X) the set of all metrics
generating the topology of X and let

Hö-dim(X) = inf{Hö-Dim(X, d) : d ∈ M(X)};
S-dim(X) = inf{S-Dim(X, d) : d ∈ M(X)};

dim(X) = inf{Dim(X) : d ∈ M(X)};
conv-dim(X) = inf{Dim(X) : d is an admissible convex metric on X};

It should be mentioned that the dimension dim(X), being defined as the
infimum of fractal dimensions, coincides with the usual topological covering
dimension, see [PS]. That is why we used the symbol dim(X).

Theorem 4 and Corollary 1 imply

Corollary 4. dim(X) ≤ S-dim(X) ≤ Hö-dim(X) ≤ conv-dim(X) for any
Peano continuum X.

In the next section we shall construct an example of a Peano continuum
X with dim(X) = 1 and S-dim(X) = ∞.

Problem 6. Is S-dim(X) = Hö-dim(X) = conv-dim(X) for any Peano
continuum X?

6. Convex dimension of Menger cubes

In this section we shall calculate the convex dimension conv-dim(Mn) of
the universal n-dimensional Menger cube Mn for n ≥ 1. The universality
of Mn means that Mn contains a topological copy of each n-dimensional
metrizable separable space, so in a sense, Mn is the largest continuum among
n-dimensional compacta.

Our main result is

Theorem 6. For every n ≥ 1

conv-dim(Mn) = Hö-dim(Mn) = S-dim(Mn) = dim(Mn) = n.
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First we prove the theorem for n = 1. In this case the Menger 1-
dimensional cube M1 is often referred to as the universal Menger curve.
Let us briefly remind its construction. We start with the unit cube [0, 1]3

in R3 and divide each its edge into three equal subinterval thus dividing
the cube into 27 subcubes with edge 1/3. We delete from [0, 1]3 the 3-
dimensional cross consisting of the central subcube and 6 subcubes touch-
ing its faces. The remaining 20 subcubes compose the first approximation
K1 of the Menger curve. Then we repeat this procedure with each of these
20 subcubes: divide them into 27 subcubes and delete the 3-dimensional
crosses.

As a result we obtain a compactum K2 with is the union of 202 cubes with
edge 1

9 . Proceeding in this fashion we construct a sequence (Kn) of compact
subsets of [0, 1]3 whose intersection

⋂
n≥1 Kn is the universal Menger curve:
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The Menger curve can be viewed as a (self-similar) fractal consisting of
20 copies of itself of 3 times smaller size. This allows us to calculate easily
the fractal dimension d = Dim(M1) of M1: assuming that V is the d-
dimensional “volume” of M1, we get V = 20

(
V
3

)d and thus d = ln 20
ln 3 > 2,

see [Ba] for justification of such a computation. Nonetheless homeomorphic
copies of M1 can have fractal dimension as close to 1 as we wish. To find
such copies, we modify a little the construction of the Menger curve.

Given a positive integer a ≥ 3 we shall divide the edges of the initial
cube [0, 1]3 into a equal subintervals thus obtaining an subcubes. Then we
withdraw a “fat” 3-dimensional cross consisting of all subcubes missing the
edges of [0, 1]3. After such a withdrawal we will get a compact subset K1(a)
consisting of 8+12(a−2) = 12a−16 subcubes with edge 1/a. Then we repeat
this procedure with the remaining subcubes. At the end we will obtain a
self-similar fractal M1(a) consisting of 12a − 16 copies of itself of a times
smaller size. By analogy with M1 we can calculate the fractal dimension of
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M1(a):

Dim(M1(a)) =
ln(12a − 16)

ln a
≤ ln 12 + ln a

lna
.

This dimension tends to 1 as a → ∞.
In fact, the space M1(a) is homeomorphic to the Menger curve M1 =

M1(3). This follows from the Anderson’s Characterizing Theorem [An] as-
serting that a 1-dimensional Peano continuum X is homeomorphic to the
Menger curve M1 iff it has no local cut points and no open subset that
embeds into the plane.

Now observe that the modified Menger curve M1(a) is bi-Lipschitz equivalent
to the convex metric space (this follows from the fact that any two points
x, y ∈ M1(a) can be linked by a path of length ≤ 12a

1−ad(x, y)). Consequently,

1 = dim(M1) ≤ conv-dim(M1) ≤ inf{Dim(M1(a)) : a ≥ 3} = 1.

This finishes the proof of the partial case n = 1. The proof of the general
case is analogous and uses the Bestvina’s Characterization of Menger cubes
in place of the Anderson’s Characterization of the Menger curve. We start
with the unit cube [0, 1]2n+1 in the (2n + 1)-dimensional Euclidean space.
Given a positive integer a ≥ 3 we divide this cube into a2n+1 subcubes of
a times smaller size and then delete all the subcubes which do not inter-
sect n-dimensional faces of [0, 1]2n+1. An easy calculations show us that
22n+1

∑n
k=0 C2n+1

k

(
a−2
2

)k subcubes will remain (here Cm
n = m!

n!(m−n)!). Iter-
ating this procedure we will get a fractal Mn(a) ⊂ [0, 1]2n+1 coinciding with
the standard Menger cube Mn for a = 3.

The fractal Mn(a) consists of 22n+1
∑n

k=0 C2n+1
k

(
a−2
2

)k copies of itself of
a times smaller size, which allows us to calculate the fractal dimension of
Mn(a):

Dim(Mn(a)) = ln
(
22n+1

n∑

k=0

C2n+1
k

(a − 2
2

)k)
/ ln a =

=n + (2n + 1) ln 2/ ln a + ln
( n∑

k=0

C2n+1
k

(a − 2
2a

k

)ak−n
)
/ ln a

which tends to n as a → ∞.
All the spaces Mn(a) are homeomorphic by the Bestvina characterizing

Theorem asserting that an n-dimensional continuum X is homeomorphic to
the Menger cube Mn iff X is (locally) (n−1)-connected and has the disjoint
n-cells property, see [Be].

Finally observing that each space Mn(a) is bi-Lipschitz homeomorphic to
a convex metric space, we conclude that conv-dim(Mn) = inf{Dim(Mn(a)) :
a ≥ 3} = n.
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7. Shark teeth

In spite of the fact that the “largest” 1-dimensional compactum M1 has
S-dim equal to 1, there are examples of 1-dimensional Peano continua of
arbitrary prescribed S-dimension S-dim. Such spaces exists even among
rim-finite continua.

We recall that a topological space X is called rim-finite if open sets with
finite boundary form a base of the topology of X. It is clear that each
rim-finite space is at most 1-dimensional.

Our examples are constructed with help of the piecewise linear periodic
function

ϕ(t) =

{
t − n, if t ∈ [n, n + 1

2 ] for some n ∈ Z;
n − t, if t ∈ [n − 1

2 , n] for some n ∈ Z

whose graph looks as follows

-
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Our example W~n called “shark teeth” lives in the Banach space R×l1 and
is parametrized by an infinite number vector ~n = (nk)∞k=1. Let (ek)∞k=1 stand
for the standard basis of the Banach space l1 = {(xk)∞k=1 :

∑∞
k=1 |xk| < ∞}.

Given a sequence ~n = (nk)∞k=1 of positive integers, consider the subspace
W~n = {(t, 0),

(
t, ϕ(nkt)

nk
ek

)
: t ∈ [0, 1], k ∈ N} of the product R× `1 endowed

with the max-metric. Thus W~n = I ∪
⋃∞

k=1 Mk, were I = [0, 1] × {0} is the
“bone” of the “shark teeth” W~n and Mk = {

(
t, ϕ(nkt)

nk
ek

)
: t ∈ [0, 1]} is the

k-th generation of “teeth”.
Some properties of the “shark teeth” space W~n are described in

Theorem 7. Let W~n be the “shark teeth” space parametrized by a number
sequence ~n = (nk) tending to infinity, and let α > 0 be a positive real
number.

(1) The space W~n is a 1-dimensional Peano continuum.
(2) W~n is rim-finite if for any n ∈ N there are k0 ∈ N and a number

m ≥ n dividing each nk for k ≥ k0.
(3) W~n is bi-Lipschitz homeomorphic to a convex metric space.
(4) Dim(W~n) = S-Dim(W~n) = Hö-Dim(W~n).
(5) If infk≥1

nk
kα > 0, then Dim(X) ≤ 1 + 1/α.

(6) If supk≥1
nk
kα < ∞, then S-dim(X) ≥ 1 + 1/α.

(7) If 0 < infk≥1
nk
kα ≤ supk≥1

nk
kα < +∞, then

1 + 1/α =Dim(W~n) = S-Dim(W~n) = Hö-Dim(W~n) =

=S-dim(W~n) = Hö-dim(W~n) = conv-dim(W~n).
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Proof. 1,2) The first two properties of W~n follow immediately from the def-
inition of “shark teeth”.

3) Define a convex metric d on W~n letting d(x, y) be the smallest length
of a path linking x and y. It is easy to see that ‖x−y‖ ≤ d(x, y) ≤ 2‖x−y‖
which means that W~n is bi-Lipschitz homeomorphic to the convex metric
space (W~n, d).

4) The equalities Dim(W~n) = S-Dim(W~n) = Dim(W~n) follow from the
previous item and Corollary 2.

5) Assume that infk≥1
nk
kα = c > 0. Take any ε > 0 any cover the interval

I = [0, 1] × {0} by d3
εe balls of radius ε/3 in R × `1 centered at points

of I. The union of these balls form a tube {(t, x) ∈ W~n : ‖x‖ < ε/3}
covering the “teeth” of k-th generation Mk with 1

nk
< ε/3. So it remains

to cover k0 = |{k : 1
nk

≥ ε/3}| curves Mk, k ≤ k0, each of length 1.
This can be done with help of ≤ k0d3

εe balls of radius ε/3. So totally it
suffices (k0 +1)d3

εe balls of radius ε/3 to cover all the set W~n. Consequently,
N(ε) ≤ (k0 + 1)d3

ε e ≤ (k0 + 1)(1 + 3/ε).

Observe that k0 = |{k : nk ≤ 3/ε}| ≤ |{k : ckα ≤ 3/ε}| ≤ ( 3
cε)

1/α and
thus N(ε) ≤ (1 + 3/ε)(1 + (3c/ε)1/α) = O∗(ε−(1+1/α)), which means that
Dim(W~n) ≤ 1 + 1/α.

6. Now assume that supk≥1
nk
kα = A > 0. To prove that S-dim(W~n) ≥ 1 +

1/α, fix any admissible metric ρ on W~n. We should show that S-Dim(W~n, ρ) ≥
1 + 1/α. Let R = ρ((0, 0), (1, 0)) be the ρ-distance between the end-points
of the “bone” I = [0, 1] × {0} ⊂ W~n.

Given ε > 0, consider any cover C of X by connected subsets of diameter
< ε with |C| = S(ε). For every k ≥ 1 let Ck = {C ∈ C : C ∩ Mk 6= ∅ and
C ∩ I = ∅}. It is easy to see that each C ∈ Ck lies in Mk \ I and hence the
families Ck, k ≥ 1, are disjoint.

We claim that |Ck| ≥ (R − 2nkε)/ε for every k ≥ 1. Indeed, note that
each element C ∈ C meeting the set Mk ∩ I at some point x ∈ Mk ∩ I lies in
the ε-ball Bε(x) = {y ∈ X : ρ(x, y) < ε}. Then the family Ck ∪ {Bε(x) : x ∈
Mk ∩ I} covers the k-th generation of “teeth” Mk and

R ≤ diam Mk ≤
∑

C∈Ck

diamC +
∑

x∈Mk∩I

diamBε(x) ≤ ε|Ck| + 2ε(nk + 1).

Consequently, |Ck| ≥ R
ε − 2(nk + 1) ≥ R/ε − 2(Akα + 1).

Let k0 =
(

R−4ε
4Aε

)1/α and note that for any k ≤ k0, we get |Ck| ≥ R/ε −
2(Ckα

0 +1) = R/2ε. Then S(ε) = |C| ≥
∑

k≤k0
|Ck| ≥ [k0] · R

2ε ≥ R
2ε(k0−1) ≥

R
2ε

(
R

4Aε − 1
A

)1/α = O∗(ε−(1+1/α)) which just implies that S-Dim(W~n, ρ) ≥
1 + 1/α.

7. The final statement follows from the preceding items. �
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Remark 1. Rim-finite continua often are referred to as regular curves. A
continuum X is defined to be totally regular if for any countable subset
C ⊂ X the family of open sets with finite boundaries missing the set C forms
a base of the topology of X. Totally regular continua were characterized by
S.Eilenberg and O.Harrold [EH] as continua of finite length with respect to
some admissible metric, see also [BNT]. Being images of the interval under
Lipschitz maps, such continua have Hölder dimension Hö-dim equal to 1. A
classical example of a regular continuum which is not totally regular looks
as follows:
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Let us observe that this space is homeomorphic to the “shark teeth” W~n

with ~n = (2k)∞k=0. In fact, any “shark teeth” space W~n has infinite length for
any admissible metric and thus is not totally regular. Nonetheless, among
the “shark teeth” W~n there are spaces with Hö-Dim(W~n) = 1. In particular,
so is the space W~n with ~n = (2k).

Corollary 5. For any d ∈ [1,+∞] there is a number sequence ~n = (nk)∞k=1
such that W~n is a rim-finite metric continuum X with d = S-dim(X) =
S-Dim(X) = Hö-dim(X) = Hö-Dim(X) = conv-dim(X).

This corollary follows from Theorem 7 and

Lemma 1. Let (xk) ≤ (yk) be two non-decreasing number sequences such
that limk→∞ yk − xk = ∞. Then there is a number sequence (nk) with
(xn) ≤ (nk) ≤ (yk) such that for any n ∈ N there is k0 such that n divides
all nk for k ≥ k0.

Proof. For every k ∈ N take any nk ∈ [xk, yk] ∩ (mk!)Z, where mk is the
largest number such that [xk, yk]∩ (mk!)Z 6= ∅. It follows from yk −xk → ∞
that mk → ∞ and consequently, each m divides all but finitely many of
nk’s. �

Since the “Shark teeth” W~n, being 1-dimensional, are subspaces of the
Menger curve M1, we get
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Corollary 6. The S-dimension S-dim is not monotone with respect to taking
(Peano) subspaces.

“Shark teeth” spaces are locally connected but not locally contractible.

Question 1. Is there a locally contractible continuum X with dim(X) <
S-dim(X)?

Remark 2. The problems considered in this paper trace their history back
to A.Besicovitch and H. Ursell who studied the interplay between Hölder
functions and the fractal dimension of their graphs. In the paper [BU],
given a positive α ≤ 1, they constructed an α-Hölder function f : [0, 1] → R
whose graph has fractal dimension 2 − α.

Among modern works treating fractal Peano curves let us mention recent
papers of E. Shchepin [S1], [S2] describing unexpected applications of such
curves in radio-electronics, see his web-site:
www.mi.ras.ru/∼scepin
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