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Abstract

A locally compact semilattice with open principal filters is a zero-dimensional scattered space. Cardinal
invariants of locally compact and compact semilattices with open principal filters are investigated. Struc-
ture of topological semilattices on the one-point Alexandroff compactification of an uncountable discrete
space and linearly ordered compact semilattices with open principal filters are researched.
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0. Introduction

This paper is a continuation of the work of the first author (§2€]).

A topological inverse semigrouig an inverse semigroup defined on a Hausdorff
topological space such that the multiplication is jointly continuous and the inversion
is continuous.

We follow the terminology of [, 3, 4, 9, 10]. Let S be a topological inverse
semigroup and the band ofS. We define the mapg: S— E andy: S— E by
the formulagp(x) = xx~* andy (x) = x~x.

By © we denote the class of all ordinal numbers. Rtr) = {8 € Q| B < a}
forall @ € Q. The sef2(«) is well-ordered by the natural ordey, thatis,y < B if
Q(y) € Q(p) for eachy, B € Q(«). By w we denote the first infinite ordinal and
by w; we denote the first uncountable ordinal. Further, we identify all cardinals with
their corresponding initial ordinals. Thewessor cardinal of is denoted by.*.
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By | X[, w(x), d(X), x(X), c(X), t(X), 7 x(X) we denote cardinality, weight,
density, character, cellularity, tightness, angtharacter of a topological spacg
respectively.

A bandis an idempotent semigroup andemilatticés a commutative band. L&
be a semilattice. Far, f € E, we writee < f if ef = fe=e. This defines a partial
order onE which we call thenatural order onE. An idempotente € E is called
maximal(minima)) if ef # e (ef # f) forall f € E\ {e}. Further, by MaxE we
denotethe set of all maximal idempotentsief We mean the natural partial order in
E when we use an order relationfinlike <, < unless otherwise stated.dfe E, we
write le={f e E|ef=fe=f},te={f e E|ef=fe=¢eandNOg(e) =
E\(leUute). If AC E,weputtA=J{teleec A}, |]A=J{le|eec A}

DEeFINITION. A topological semilatticee is called asemilattice with open principal
filtersif the setteis open inSfor eache € E.

1. Properties of compact semilattices with open principal filters

An element of a topological semilattic& is calleda local minimumif there exists
an open neighbourhoddl(e) of esuch that,enU (e) € te[9]. If E is a topological
semilattice with open principal filters, then the set of all local minim& @bincides
with E. Theset of all local minima oE will be denoted byK (E). An elementin
E is called themaximunor identityof E if ef = fe= f forall f in E. We call the
elemente theminimumor zeroof E if ef = fe=eforall f in E.

ProPOsSITIONL.1. LetE be atopological semilattice aidl be an open subset &.
ThentU is open subset iik.

THEOREM 1.2. Topological semilatticd is a semilattice with open principal filters
if and only ifK (E) = E.

This follows easily from the definition df (E).
ReEMARK. If E is a topological semilattice with open principal filters, thiexis an

open and closed subsemilattice®ffor all e € E. If E is a topological semilattice
ande € E, then|eandteare closed irE.

LEmMA 1.3. Let E be a locally compact semilattice with open principal filters.
ThenE is zero-dimensional.

PrOOF. Let V be a nonempty connected subsetkaf Lete € V. Sinceteis
open and closed amgl € V, we have thatte 2 V. Hencefe = ef = e for all
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f € V. So it follows that ife, f € V, thenef = fe= f also. Hencee= f. Thus
we have that is totally disconnected. Sincg is locally compact we see th&t is
zero-dimensional. O

DerINITION ([11]). A topological semilattice which has a basis of subsemilattices
is called d_awson semilattice

ProOPOSITIONL.4. A locally compact semilattice with open principal filters is a
Lawson semilattice.

Propositionl.4follows easily from [L1, Theorem 2.1].

REMARK. Let E be a locally compact semilattice with open principal filters. Then
the collection of all open subsemilatticesibform a basis for the topology d.

DerINITION ([13]). A topological spaceX is calledscatteredif every nonempty
subsetA of X contains a poinp which is isolated inA.

We recall that it is shown inl[3] that a topological space is scattered if and only if
every closed subset has an isolated point with respect to that subset.

DEFINITION. Let X be a semilattice. LeA € E. A minimal elemenbf A is an
elementein A so thatiff € Aandef = fe = e thene = f. An elementein
A is called theleastin A (also called azeroor aminimumof A) if ef = fe=e
for all f in A. Similarly we define anaximal elememf A and alargest elemenof
A (also called anaximumof A). A well ordered sequende the semilatticeX is a
function from a well ordered sekinto X. Itis denoted agx,) or (X,).<;. Ifthe order
in J is denoted ass, then the well ordered sequenee) is said to bewell ordered
increasing(decreasinyunder the natural ordeif whenevery, 8 € J anda < g we
havex,x; = X, (X,Xs = Xg). A well ordered increasing sequenteA means a well
ordered sequence ik which is increasing under the natural order.

LEmmA 1.5. Let E be a topological semilattice and € E compact. Them
contains a minimal element iA and a maximal elementiA. Furthermore, ifAis a
subsemilattice, then there is a minimumAof

PrROOF. We prove the existence of a maximal elementfof The proof of the
existence of a minimal element iA is similar. Consider the collection of all well
ordered increasing sequencedAn |t is easily seen that there is such a well ordered
sequencd- which is maximal under extension. Fere F, putK(e) = AN (te).
Then the collectiofK (e) | e € F} is a collection of nonempty compact sets which
is a chain under containment relation. S®K(e) | e € F} is not empty. Let
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f e MN{K(e) | e e F}. Thenf should belong to the range &, since otherwise
we could get a larger well ordered increasing sequencA,iby addingf to F,
contradicting the maximality oF. Itis clear thatf is a maximal element oA. If
g € Fandgf = f andf # g, then we get a larger well ordered sequencdiby
addingg to F which would contradict the maximality &F. Now suppose thad is a
subsemilattice as well. Letbe a minimal element oA. If f € A, thenef € Aand
ef <e. Soef =e. Soeisthe minimum ofA. O

THEOREM 1.6. Let E be a locally compact semilattice with open principal filters.
ThenE is scattered.

PrROOF. Let A be a closed nonempty subsettef By Lemmal.3there is a subset
F of A which is open and closed iA. By Lemmal.5there is a maximal elemerit
of F. Since{f} = (1 f) U F we see thaff is isolated inF and hence irA. SoE is
scattered by13). O

If E is atopological space we dendte set of all its isolated pointsy | S(E).

THEOREM1.7. Let E be a locally compact semilattice with open principal filters.
Then the following hold
(i) Is(E)isdenseirE.
(i) w(E) = |E]|.
(i) c(E)=d(E) = |IS(E)|.
(iv) Ifin addition E compact, thery (E) = |E|.

PROOF. SupposeE is scattered. So (i), (ii) and (iii) follows fromip]. Now (iv)
follows from [2, Theorem 1.25]. O

ReEMARK. If E is taken to be only locally compactin Theordn7, then it does not
follows that|E| = x(E). As an example take a discrete uncountable semilattice.

The following example shows that for every cardin#there is a compact semilattice
with open principal filters and whose cardinalityris

ExaMPLE 1. Let o be an ordinal. Put
B={Xyl={zeQ) |y<z=X} X, y€ Q) &y <x}U{0},
where 0 is the order type of the empty set. tgbe the topology with bas® onQ («).

Define a multiplication’ on Q («) by: Bxy = maxg, y}forall 8,y € Q(«). Then
(Q(a), %, 7o) is atopological semilattice with open principal filters of cardinality.
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DEFINITION. A topological semilatticeE is called anx~-semilatticeif E is topo-
logically isomorphic ta(2(B), *, o) for some ordinaj.

ExAaMPLE 2. Let </ () be the one-point Alexandroff compactification of a discrete
space of cardinality with oo as its point at infinity. Puky = oo if X # y and
xx = x forall X,y € &/(r). Then«/(r) is a compact topological semilattice with
open principal filters and cardinality.

Examplel and Example show that there are compact semilattiEeandE, with
open principal filters such th&atE,) = |E,| andt(E,) < |E,|.

The following three questions arise naturaly:
(1) Does every compact scattered sp&cadmit a structure of a topological semi-
latice with open principal filters?
(2) For every compact space, the inequalityr x (X) < t(X) [19] holds. Is there
a compact semilatice with open principal filters so that y (E) < t(E)?
(3) Isthere a compact semilati€with open principal filters so thaltE) < x(E)?

Question {) can be answered in the negative under the set theoretic assumption
thatBN\ N hasp-points. Let us recall that a poiptof a topological spack is called
a p-point if any countable intersection of neighbourhoodspois a neighbourhood
of p. There are set theoretic models in whigR \ N has nop-points. Continuum
Hypothesis (CH) and Martin’s Axiom (MA) imply the existence gbgpointin SN\ N.

DEFINITION ([5, 14, 12]). A Franklin-Rajagopalan spaces a compact scattered
spaceX with a countable dense sbtof isolated points so that the subspacg D is
homeomorphic to the ordinal spaik w,] with its usual topology(2 (w,), *, to) Of
Examplel.

REMARK. The methods off] show that in every model of set theory wheid \ N
has p-point there are Franklin-Rajagopalan spaces with thétiadel property that
no sequence of isolated points convergestoWe denote by N one such space.

ExamvPLE 3. The Franklin-Rajagopalan spag®l (see p]) is a compact scattered
space which does not admit the structure of a topological semilattice with open
principal filters.

PrROOF. Suppose thay N admits a structure of topological semilattice with open
principal filters. Themw, is a compact open semilattice. Put= tw;. Let D
be the set of all isolated points &f. LetM = Y \ (D U {w;}). Now there is an
elementy in [1, w,] so that[y, w;] € Y. We claim that there is an elementn
M so thatc > y and ifx, y are inM andx > candy > cin the usual order of
w; thenxy # w;. For suppose that there is no such elenentThen there are;



354 Oleg V. Gutik, M. Rajagopalan and K. Sundaresan [6]

andy, in M so thaty; > x; > y andx;y; = w;. Then there are, andy, in M
sothaty < x; < y1 < X < ¥, andx,y, = w;. By induction we have a sequence
X1 < Y1 < X < Vo< <X < Yy < -+ in M so thatx,y, = w; for all
n=1,2.... Then thereis an elemeatin M so that ltx, = lty, = «. Then by
continuity of multiplication we getr = w; which is a contradiction. So there is an
elementtin M with ¢ > y so thatifx, y are inM andx, y > ¢, thenxy # w,. Itis
also easy to see, by using continuity of multiplication, that,iff are inY and both
X,y are# wq, then there can be at most a countable number of eleraént¥ with

ax = y. Sothereis an elemepte M such thatp > candifq € M andq > pthen
gx does not belong t® for everyx in D. Now putS=Y N[1, p+ 1]. ThenSis

a compact subset of and does not contain;. So there is a compact open ¥gtin

Y such thatw; € W and ifx € WN M, thenx > p in the natural order ofl, w].
Letq e WN M. LetB = {k | k € D andkg = w;}. Thenw; cannot belong to the
closure ofB. For suppose thad, is in the closure oB in Y. Since no sequence of
isolated points in the spageN converges tavy, it follows that the closure oB in Y

is uncountable. So there is a poinin the closure oB such that € M andr > p

in the order off1, w,]. Thenr is a limit of a sequencs,, s, S, ... , S, ... from B.
By continuity of multiplication we havgr = w;. Butq > p > candr > p > cand
g,r areinM. Soqr # w;. This contradiction shows that; does not belong to the
closure ofB. LetC = D \ B. Thenify in C, thenqy # w; and sinceyy is not in

D we see thatly € M, and hence the setC = {quv | v € C} is a countable subset
of M. Sow; is not in the closure of|C. But w; is in the closure oD and not in the
closure ofB. Sow; is in the closure o€ and hence in the closure @€ by continuity
of multiplication. This contradiction shows thal is a compact scattered space that
does not admit the structure of topological semilattice with open principal filtérs.

ExamMPLE 4. Let X be the quotient space of the spddew;] with topology as
in Examplel, where we identify the point® andw,. We define multiplication as
follows in X. We putxy = yx = maxx, y} for all x, y € X if either bothx, y > w
or bothx, y are< w. If one ofx, y < w and the others w then putxy = yx = w;.
We also putw;Xx = Xw; = w; andxx = x for all x € X. ThenX is a compact
semilattice with open principal filters. Clearly,y (X) = w andt(X) = w;. So we
have a compact scattered space which is also a semilattice with open principal filters
andr x (X) < t(X). This solves Questior2f above.

2. Some classes of compact semilattices with open principal filters

A semilattice E is calledlinearly ordered (well-ordered if the multiplication
induces orE a linear order (a well-order).
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Let E be a linearly ordered semilattice, arcbe a natural order o&. By < we
denotea dual order onE, that is,e <? f if and only ifef = f, foralle, f € E.
Obviously, if E is a linearly ordered semilattice, thet{ is a linear order orE.

LEmmA 2.1. Let E be a linearly ordered compact commutative band with open
principal filters. Then<® is a well-order.

PROOF. Let A be any non-empty subset Bf We shall prove that ink A € A.

If there exists a compact subs€tn E such thatA C K, then the family{1+ anK |
ae Aliscenteredandinf Ae {1t anK |ae A} C K.

Puta = inf_s A. Ifa € A, thenthe proofis complete. Inthe other caseNA = o
and the setais clopeninE. Thus the seE \ tais compactand\ C E \ 1a. Then
inf.a« A € E\ ta, buta ¢ E\ ta, a contradiction. Therefordian A # @ and
ae A O

PrOPOSITION2.2. Every well-ordered semilattici is algebraicly isomorphic to a
subsemilattice of<2(«), min) for somex € Q.

PrOOF. Since the cardinality oE is bounded, by 1, Theorem 3.17 the well-
ordered seE is similar to some interval o2 («) (wherex > |E|"). We denote this
similar map byf. Obviously, f is an algebraic isomorphism & into (€2 («), min).

Il

THEOREM 2.3. Every linearly ordered compact semilatti€ewith open principal
filters is ana~-semilattice.

PrOOF. By LemmaZ2.1, <%is a well-order orE and by Propositioi2.2there exists
an algebraic isomorphisni: E — Q(8) (for somes < |E|*). Obviously, E has
a zero 0 and we puf (0) = B € Q(§). Itis easy to see thatf (E), max is an
a~-semilattice and the isomorphisin E — Q(8) is continuous. O

<7 (1) is the one-point Alexandroff compactification of the discrete spécef
cardinality r, and{a} = «/(t) \ X [4].

PrOPOSITION2.4. Let./ (t) have the structure of a topological semilattice, and let
a be a maximal idempotent of (t). Thent < w.

PrOOF. Case 1. Supposis an identity of the semilattice/ (r) andt > w. For
anya € &/ (t) \ {a}, the setteis open in& () and hence, the se¥ () \ t1eis
finite. Thus the set/ () \ {a} contains a countablechagm<e, < --- <€, < ---.
Since for everyi € N the set#/ () \ te is finite, then| |, (< () \ 1€)] < w.
Therefore, there exists an idempotent </ (7) \ {a} suchthag < e* foranyi € N,
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a contradiction with the inequalityte*| < w. If t > w, thena is not an identity of
& (1).

Case 2. Supposeis a maximal idempotent of/ ().

First, we shall prove that if > w, then the set Mai (t)) is infinite. Assume the
contrary. Thera is an identity of the semilattice/ (1) \ | (Max(«/(z) \ {a})). Since
the space (Max(«/ () \ {a})) is compact the space'(7) \ | (Max(«/ (7) \ {a})) is
homeomorphic to the one-point Alexandroff compactification of uncountable discrete
space. A contradiction with Case 1.

Further, we shall prove thatif > w thens’/ () \ {a} = | (Max(«/ (t) \ {a})). The
inclusion | (Max(«/ (7) \ {a})) € </ () \ {a} is trivial. Suppose that/ () \ {a}
J(Max(«/ (t)\{a})). Thenthere existse |a\{a}suchthae ¢ | (Max(</ (t)\{a})).
Sincea € teandteis an opensubsetier' (1), then|«/ (t)\ 1 €] < w. Acontradiction
with | Max(«7 (1))| > w. Thus the equalitys (1) \ {a} = | (Max(«/ () \ {a})) holds.

We shall prove thalt|a| < w. Suppose not. Then for any infinite ch@&n< e, <

- < € < --- < athere existe € |a such thate < efor anyi € N. Hence
{e |i € N} C |e but]|]el < w. Acontradiction. Thusla| < w.

Obviously, there exists a countable chain< e, < --- < &, < --- such that
e < aforanyi € N. Since|«/(7) \ t€] < w for everyi € N and«/(r) \ {a} =
J(Max(£/ (1) \ {a})), then]| Max(«/ (1))| < w. For anye € Max(« () \ {a}) the set
Jeisfinite, hencé Max(«/ (1))| = |/ (7)| = |« () \ {a}| = . So, ifais a maximal
idempotent of semilattice’ (), thent = w. O

PROPOSITION2.5. Suppose that or7 (t) (r > w) there exists a structure of a
topological semilattice. Then the following conclusions hold

() INOyr (@] < .
(i) 1f x € NOy () (a), then the sef x is finite.
(i) If x e Max(&/ (7)) anda < x, then a maximal chaia < --- < xin & (1) Iis
countable.

PrOOF. (i) We defineA = (&/(t) \ ta)(J{a}. Then the topological subspace
A C &/ (t) is homeomorphic to the one-point Alexandroff compactification of the
discrete space of cardinality < t, andA is a compact topological semilattice such
thata is a maximal idempotent of the semilattiée By Propositior2.4we getr’ < w
and, hencgN O, (,,(a)| < w.

The proof of statement (ii) is trivial.

(iii) Suppose to the contrary, that there exists an uncountable ehain-- < x.
Since foranyg € t1a\ {a} the settgis finite, then there existg suchthat < x; < x.
Further, by induction for every integér> 2 choose an indempotert such that
a<X < X_1 <X Put#(@ = J_1%. Since the chaim < --- < x is
uncountable, then there exists= ta N | x such thaty ¢ .# (a) anda < y < x for
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anyi € N. But the setty is finite, a contradiction. O

There exists no structure of a topological inverse semigroup with open left (right)
principal ideals on the one-point Alexandroff compactification of an uncountable
discrete spaceg| Proposition 4.10].

The following example shows that there exists a topological semilattice’ on
which satisfies statements of Propositibd and Propositior2.5.

ExamMPLE 5. Let X be a discrete space of cardinality> w, ./ the discrete space
of natural numbers, anfd, 1} a two-point discrete space. Further, we suppose that
< (t)\{a} = X xA4)J{O, 1} x 4"). On«/ () we define the semilattice operation
‘x’ as follows:
(@ x*xx=xforanyx e & (7).
(b Ifx,ye X x A4 andx = (x°, m), y = (y°, n), then

(X°, max{m, n}) if x° =y,

X = X =
Y=y {a if X° #£ y°.

(©) Ifxe Xx._#,thenxxa=axx=a.
(dy Ifx,ye{0,1} x 4 andx = (X, m), y = (Y, n), then

X if x=y;
Xxy=YyY*xX= ) .

(O, min{m, n}) if x #£ .
() If x €{0,1} x A andx = (x*, n),thenx xa=axx = (0,n) € {0, 1} x 4.
) Ifx=x4Lne{0 1} x4 andy =(y,, m € X x 4, thenx xy = yx X =
(0,n) € {0, 1} x 4.
Obviously, (/' (1), %) is a topological semilattice.

Proposition2.4and Propositior2.5imply

THEOREM 2.6. There exists no structure with a topological lattice on the one-point
Alexandroff compactification of an uncountable discrete space.

Item (i) of Propositior2.5implies

COROLLARY 2.7. Let there exist one/(t) (r > w) the structure of topological
semilattice with open principal filters, then the $0,,,,(a) is finite.

Example6 shows that there exists a topological semilattice structure with open
principal filters oneZ (7) which satisfies statements of Propositi@né-2.5and Corol-
lary 2.7.
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ExAaMPLE 6. Let X, .4” and{0, 1} be as in Examplé&, andL = {1,2,... ,n} be a
discrete space. Further, we suppose that) \ {a} = (X x 4| J({0,1} x L). On
<7 (1) we define the semilattice operatiasi as follows:

(@ xox=xforanyx e & (7).
(b If x,ye X x A4 andx = (x°, m), y = (y°, n), then

(X°, max{m, n}) if x° =y

X = X =
cy=ye {a if X% #£ y°.

(©) Ifxe Xx._#¥,thenxoa=aox=a.
(dy Ifx,ye{0,1} xLandx = (X,i),y={(Y,]),then

O,min{i, j}) ifx#y.

(e) If xe{0,1} x Landx = (X,i),thenxoca=aox=(0,i) € {0,1} x L.
) fx=x4n e{0,1} xLandy =(y,m e X x 4, thenxoy =yox =
O,n) e{0,1} x L.

Obviously, (' (1), o) is a topological semilattice with open principal filters.

iy — v
XOy=YOx={X mx=Y

REMARK. Questions about the structure of topological semigroups on one-point
compactifications were considered itb[ 18] and in other papers.

3. Topological inversebopf-semigroups

Let Sbe an algebraic semigroup. For aay Swe denote

Zy(@) = {x € S| there existy € S' such thaky = a};
Z4(a) = {x € S| there existy € S'such thatyx = a};
J4(@) = {x € S| there exisly, z € S' such thatyxz= a}.

LEmMMA 3.1. Leta be a regular element of the semigro8pthen

(i) Z@) = {x € S| there existy € Ssuch thatxy = a},
(i) Z4(a) = {x € S| there existy € Ssuch thatyx = a}.

PROOF. Supposea is a regular element ifs. Then there existg € S such that
a = aza We puta; = azanda, = za Hencea = a;a anda = a&. O

LEMMA 3.2. An element a of the semigropis regular if and only if.%;(a) =
Zy(e) [Z4(a) = #4(e)] for some idempotere S.
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PrOOF. If ais aregular element &, thena = axaforsomex € S. Henceg = ax
and f = xaare idempotens ddsuch thaka= a = af. If ze Zy(a) [z € Z4(a)],
then, by Lemma.1, a = zy [a = yZ] for somey € S. Hence,e = ax = zax
[f = xa=xyZ andz € Zy(e) [z € Z4(T)]. If w € Z(e) [w € Z4(f)], then
e = wk [f = kw] for somek € S. Thus,a = ea= wka[a = af = akw], and,
thereforew € Z4(a) [w € Z4(a)].

Suppose¥y(a) = .Zy(e) [Z4(@) = Z4(e)]. Then there exisk,y € S' such
thata = exande = ay [a = xeande = ya]. Hence,ea = eex=ex = a
[ae = xee= xe= a] anda = ea= aya[a = ae = aya. If yis an identity ofS
thena = eanda = ae= aea= aaala = ea= eea= aag]. Thusa € aSa O

LEMMA 3.3. A semigroupS is inverse if and only if the following conditions
hold:

(i) Foranya e Sthere exists an unique idempotestSsuch thatZy, (a)=-%;(e).
(i) Foranya e Sthere exists an unique idempotegtSsuch thatZ,(a)=%4(€e).

PrROOF. Suppose that for some idempoteats € Sthe equalityZ4(e) = Z4(f)
holds. Then there exist y € Ssuch thae= fx andf = ey. Since,

1 1

e=ee=eel=fx(fx) = fxx1f = fixx?t= fxx"
and

f=1f=ff1=eyey '=eyyle=eeyy'=eyy?

we havee < f andf < e. Hencee = f.
Suppose the statements (i) and (ii) hold. By Len8#the semigroui®is regular.
Leta € S, and suppose there exist distifictt € Ssuch that

aba=a, bab=b, aca=a, cac=c.

Since % (a) = Z(ah) = Z(ac) andZy(a) = Z4(ba) = Z4(ca) we have that
ba = caandab = ac. Hence,b = bab = cab = cac = c, and S s inverse
semigroup. O

DEFINITION. A topological inverse semigroupis called abop f-semigroup if the
band ofSis a semilattice with open principal filters.

THEOREM 3.4. Let S be a topological inverse semigroup. Then the following
conditions are equivalent
(i) Sisabopf-semigroup.
(i) Foreverya € S, the set%;(a) is open inS.
(i) Foreverya € S, the setZ4(a) is open inS.
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PrOOF. Implications (ii) implies (i) and (i) implies (i) are trivial.

(i) implies (ii). We shall prove that for every € Sthe equalityp=*(1(xx1)) =
Zy(X) holds. Lety € o (1 (xx71)), thenyy ! € +(xx71). Thus,yy Ixx = xx1!
andyy xx~Ix = yy Ix = x. Hencey € .%;(x). Therefore,we get(1(xx 1)) C
Z4(X).

Lety € .%4(x) then there existb € Ssuch thatx = yb. Hence xx tybbty-?
andxx ! = xx Ixx ! = ybbly-'xx~1. Thusybbly~! € 1(xx1). Sinceyy? e
Mybbty1), thenyy ! € t(xx 1) and henceyy ! € ¢~ t(1(xx1)). Therefore,
LX) S (P (xxh).

The implication (i) implies (iii) follows fromy ~1(1 (xx71)) = Z4(X). O

THEOREM 3.5. Let S be a topological inverse Clifford semigroup. Thé&ris a
bopf-semigroup if and only if the se¥y(a) is open inSfor everya € S.

PrROOF. If for everya € S, the set_#,(a) is open inS, then the band o6 is a
semilattice with open principal filters.

SupposeSis abopf-semigroup andk is a band ofS. SinceSis a Clifford inverse
semigroup, the mapg: S — E andy: S — E coincide. We shall prove that
Z4(@) =9 (1 (aat)) foreverya € S. If x € _Z4(a), then there exisy, z € Ssuch
thatyxz=a. By [16, Theorem I1.26], we have

aa = yxzayx2 ' = yxzzxty = zzlyxx 1yt = zz tyy Ixx L
Hencexx™ € 1(aa?). Therefore _#3(a) C ¢ *(f(aa™?)).
If x € p~Y(1(aa™t)), thenxx! e t(aa?) and there existe € E such that
exx ! =aal, thatis,exx'a = a; hencex € #4(a). Thereforep=(1(aa™?)) C

Fq(@). O

The following example shows that there exists a topological inverse semig@oup
such that the sej?Z,(s) is open inSfor everys € SandSis not abop f-semigroup.

ExAMPLE 7. Let Sbe an inverse semigroup aadb ¢ S. A semigroup?’(S) is
generated by the s&U {a, b} and is defined by the following equalitieab = 1,
as = a, sh= b and by equalities its. If Shas the identity, then the identity &f(S)
is the identity ofS. In the other case the identity & (S) is an accessory idéty
of S(see B, Section 1.1]). Any element &' (S) is uniquely represented lytal,

t e SU{1},i, ] e NU{0O}.

Let S be a topological inverse semigroup. Sthas no identity, le6' = SU {1}
be a semigroup with an isolated accessoryfignLet % be a base of the topology
on S'. A topologyt on%'(S) is determined by the base

Be ={PUA |U e A,i,j e NU{0}.
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By [7, Corollary 1] (4'(S), T) is a simple topological inverse semigroup afds
topologically isomorphically embedded int@ (S), t). The semigroug%(S), t) is
called theBruck semigroup oves[7].

Let Sbe atopological inverse semigroup which is nbtg f-semigroup. Le% (S)
to be the Bruck semigroup ov& Obviously, _7Z4(s) = % (S) for anys € € (S) and,
hence, the sej?y(s) is open in%'(S) for all s € S. However, the band &#'(S) is not
a semilattice with open principal filters.

THEOREM 3.6. Every first countable compact inverbep f-semigroup is metriz-
able.

PrROOF. Let Sbe as in the statement. The baBdS) is a first countable space.
Lete, f € E(S). If H(e, f) # &, thenH (e, f) is homeomorphic to the metrizable
subgroupH (e) and, henceH (e, f) is a metrizable compactum. Theorém@implies
[E(S)| = x(E(S) < w, henceSis a countable union of metrizable compacta and
by the Arhangelskii Theorem (seé, [Theorem 3.2.20]5 is metrizable. O
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