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EMBEDDING OF COUNTABLE TOPOLOGICAL SEMIGROUPS IN SIMPLE
COUNTABLE CONNECTED TOPOLOGICAL SEMIGROUPS 

O. V. Gutik UDC 512.536.72

We prove that any countable Hausdorff topological (inverse) semigroup is topologically isomorphically
embedded into a simple countable connected Hausdorff topological (inverse) semigroup with identity.  

This work is a sequel to the author’s investigations in [1] and [2]. 
The terminology and notation are the same as in [3, 4, 8].  All topological spaces are regarded as Hausdorff.

The sets of natural, integer, and nonnegative integer numbers are denoted, respectively, by    �,    �,  and    �+ ,  and  �
denotes the cardinal number of continuum. 

An arbitrary topological (inverse) semigroup is topologically isomorphically embedded in a simple linearly
connected topological (inverse) semigroup [2].  A natural question arises about the analog of this result for
countable semigroups:  is it true that an arbitrary countable Hausdorff topological semigroup is embedded in a
simple countable connected Hausdorff topological semigroup?  We answer this question in the affirmative.  The
construction proposed is connected with the use of the Bruck algebraic construction for embedding an arbitrary
semigroup in a simple semigroup with identity [6].  Let  S  be a semigroup and let  a, b S∉ .  A semigroup    C ( )S   is
generated by the set  S a bU { , }  and is defined by the relations  ab = 1,  as a= ,  and  sb b=   for all  s S∈   and also
by the relations valid in  S.  The identity  1  of the semigroup  C ( )S   is either the identity of the semigroup  S  if
1∈S   or the identity added to  C ( )S   in the usual way if  S  does not contain the identity.  The semigroup  C ( )S
constructed in such a way will be called the Bruck semigroup over  S  [1].  Every element of the semigroup  C ( )S   is

uniquely represented in the form  b tai j ,  where  t S∈ 1,  i, j ∈ +�   [6].  The semigroup  S  is algebraically embedded
in    C ( )S ,  and    C ( )S   is a simple semigroup [6]. 

Let  X  be a countable connected Hausdorff space (see, e.g., [5] or [11]).  Consider the Lawson free semilattice
exp ( )ω X   over  X  [9].  In what follows, we assume that all elements of the semilattice  exp ( )ω X   are uncontractible
words.  Let    Jn X( ),  n ∈   �,  be a subspace of the topological space  exp ( )ω X   formed by all nonempty subsets in

exp ( )ω X   of power  ≤ n.  Since  Jn X( )  is a factor space  Xn   for arbitrary  n  ∈    �  [10] and since

    exp ( ) ( )ω X Xn n= =
∞U 1 J ,  we have 

Proposition 1.  A Lawson free semilattice over a countable connected Hausdorff space is a Hausdorff
countable connected topological semilattice.

We fix an arbitrary element  x0   in  X  and denote

exp { }( ) exp ( )ω ωx X T X x T0 0= ∈ ∈{ } .

Proposition 2.  Let  X  be a countable connected Hausdorff topological space.  Then  exp { }( )ω x X0   is a
countable connected topological semilattice in  exp ( )ω X .

Proof.  It is obvious that  exp { }( )ω x X0   is a topological subsemilattice in  exp ( )ω X .  We define a mapping
ϕ ω ω: exp ( ) exp ( )X X→   as follows:    ϕ( ) { }T T x= U 0   for arbitrary  T x X∈exp { }( )ω 0 .  Since  ϕ  is a continuous
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retraction and  ϕ ω ωexp ( ) exp { }( )X x X( ) = 0 ,  it follows from Proposition 1 that  exp { }( )ω x X0   is a closed countable
connected topological subsemilattice in  exp ( )ω X .  

Let  S  be an arbitrary countable Hausdorff topological (inverse) semigroup.  If  S  does not contain the identity,
then we assume that the identity is discretely added to  S.  Denote

G S x X= × exp { }( )ω 0

with the topology of a Cartesian product.  In what follows, by   BG s( ),  we denote the base of a topology at the point
s G∈ .

The proof of the following statement is trivial: 

Proposition 3.  If  S  is a countable Hausdorff topological (inverse) semigroup, then  G   is also a countable
Hausdorff topological (inverse) semigroup. 

Note that  1 1 0G S x= ( ), { }   is the identity of the semigroup  G,  where  1S   is the identity of the semigroup  S.
For arbitrary  x x X∈exp { }( )ω 0 ,  by  d x( )  we denote the length of a word  x .  Denote  En  =

x x X d x n∈ ≥{ }exp { }( ) ( )ω 0   and  G E Sn n= ×   for every  n ∈   �.

Let    C CG G= ( )   be a Bruck semigroup over  G  and let  τ0
∗   be the topology of a direct sum on    C G   (see

Theorem 1 of [1]).  We weaken the topology  τ0
∗   to a semigroup topology  τ̃0  as follows:  The bases of the

topologies  τ̃0  and  τ0
∗   coincide at the points  1G ,  bi ,  a j ,  b si ,  sa j ,  and  b sai j ,  where  i,   j ∈�  and

s G G∈ \{ }1 .  At the points    b a Gi j ∈C ,  i,   j ∈�,  the base   B ( )b ai j   of the topology  τ̃0  is defined as follows.  Let

  BG G( )1   be the base of a topology at  1G .  Then the family 

˜ ( ) ( , ) ( ),,B B0
1 1 1b a M U n b G a b U a U ni j

i j
i

n
j i j

G G= = ∈ ∈{ }− − U �

satisfies conditions (BP1) – (BP3) of [4] and, hence, defines the base of the topology  τ̃0  at the points    b a Gi j ∈C ,
where  i, j ∈�.

Lemma 1.  If  S  is a topological (inverse) semigroup, then  C G, τ̃0( )  is also a topological (inverse)
semigroup.

Proof.  Since the direct-sum topology  τ0
∗   on   C G   is a semigroup topology (see Theorem 1 in [1]), it suffices,

obviously, to check the continuity of multiplication in  C G, *τ0( )  in the following three cases:

1) b sa b ai j k l⋅ ,

2) b a b sak l i j⋅ ,

3) b a b ak l m n⋅ ,

where  i,   j ∈ +� ;  k, l, m, n ∈   �;  s G∈   if  i j = 0 ,  and  s G G∈ \{ }1   if  i,  j ∈�.
We consider all these cases.

1) b sa b a
b sa j k

b sa j k

i j k l
i j k l

i k j l
⋅ =

≥

<







− +

+ −

 if

 if

,

.
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Hence,

(a) if  j k≥ ,  then  b U s a M V n b U s ai j
k l

i j k l( ) ( , ) ( ),⋅ ⊆ − +   for arbitrary  U s sG( ) ( )∈B ,  V G G∈B ( )1 ,  and

n ∈   �;

(b) if  j k< ,  then  b W s a M U n M U ni j
k l i k j l( ) ( , ) ( , ), ,⋅ ⊆ + −   for arbitrary   W s sG( ) ( )∈B ,   U G G∈B ( )1 ,  and

n ∈ �.

2) b a b sa
b sa l i

b a l i

k l i j

i l k j

k l i j
⋅ =

≤

>







− +

− +

, ,

, .

 if

 if

Therefore,

(a) if  l i≤ ,  then  M V n b U s a b U s ak l
i j i l k j

, ( , ) ( ) ( )⋅ ⊆ − +   for arbitrary    U s sG( ) ( )∈B ,    V G G∈B ( )1 ,  and

n ∈   �; 

(b) if  l i> ,  then  M U n b W s a M U nk l
i j

k l i j, ,( , ) ( ) ( , )⋅ ⊆ − +   for arbitrary    W s sG( ) ( )∈B ,    U G G∈B ( )1 ,  and

n ∈   �.

3) b a b a
b a l m

b a l m

k l m n

k l m n

k l m n
⋅ =

≤

>







− +

− +

, ,

, .

 if

 if

Let the condition  U U WG G G( ) ( ) ( )1 1 1⋅ ⊆   be satisfied for the neighborhoods  U G( )1   and  W G( )1   in  G ;  then,
for arbitrary  p ∈   �,  we have

(a) if  l m≤ ,  then  M U p M U p M W pk l G m n G k l m n G, , ,( ), ( ), ( ),1 1 1 2( )⋅ ( ) ⊆ ( )− + ;

(b) if  l m> ,  then  M U p M U p M W pk l G m n G k l m n G, , ,( ), ( ), ( ),1 1 1 2( )⋅ ( ) ⊆ ( )− + .

Let  S  be a topological inverse semigroup.  Since the direct-sum topology  τ0
∗   on    C G   is a semigroup inverse

topology (see Corollary 1 in [1]), it suffices to check the continuity of the inversion in   C G, τ̃0( )  only at the points

b ai j ,  where  i, j ∈  �.  If  U VG G( ) ( )1 11( ) ⊆−   in  G ,  then  M U p M V pi j G j i G, ,( ), ( ),1 1
1( )( ) ⊆ ( )−

  for arbitrary

p ∈ �.  

Next, we perform a reasoning similar to that in [2].  Let  C C0( )S G= .  By setting  C C Cn nS S( ) ( )= ( )−1 ,  we

obtain a family of semigroups  
  
C n S n( ) ∈{ }� .  In what follows, by  1n ,  where   n ∈ +� ,  we denote the identity of

the semigroup    C
n S( ).

On the semigroup    C
1( )S ,  the direct-sum topology  τ1

∗   (see Theorem 1 in [1]) will be weakened to a

semigroup topology  τ̃1  as follows.  At the points  10 ,  b
i
1

1 ,  a
j

1
1 ,  s,  b s

i
1

1 ,  sa
j

1
1 ,  and  b sa

i j
1 1

1 1 ,  where  i1, j1 ∈�

and    s S∈C 0
01( ) { }\ ,  the bases of the topologies  τ1

∗   and  τ̃1  coincide.  We weaken the topology  τ1
∗   only at the

points  b a
i j
1 0 1

1 11 ,  where  i1,   j1 ∈� .  For arbitrary  m ∈   �,  we denote
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S m0( )  =  b ga k m l m g Gk l | ≥ ≥ ∈{ }, ,

\ U UUb s x a i m s S b s x a i m s Sm i i m{ } { } , { } { } ,×( ) ≥ ∈{ } ×( ) ≥ ∈{ }( )| |0 0 .

Let    
˜ ( )B 0 01   be the base of the topology  τ̃0  at the point  10

0∈C ( )S ;  then the family 

      
˜ ˜, ( , ) ( ) ( ) ( ) ( ),B B1 1 1 1 1 0 1 1

1
0 1

1
0 0 0

1 1 1 1 1 1 1 11 1 1b a M U m b U a b S m a U mi j i j i j i j( ) = = ∈ ∈{ }− −U �

satisfies conditions (BP1) – (BP3) in [4] and, hence, defines the base of the topology  τ̃1  at the points  b ai j
1 1
1 1 ,  where

i1,   j1 ∈� .

Assume that the topology  τ̃n−1  is already defined on the semigroup    C
n S−1( ) .  Now we define the topology

τ̃n  on    C
n S( ).  The direct-sum topology  τn

∗   on    C
n S( )  (see Theorem 1 in [1]) will be weakened to a semigroup

topology  τ̃n  as follows.  At the points  1 1n− ,  bn
in ,  an

jn ,  s ,  b sn
in ,  san

jn ,  and  b san
i

n
jn n ,  where  in ,   jn ∈�  and

s Sn
n∈ −
−C 1

11( ) { }\ ,  the bases of the topologies  τn
∗   and  τ̃n  coincide.  We weaken the topology  τn

∗   only at the

points  b an
i

n
jn n ,  where  in , jn ∈�.  For arbitrary  m ∈   �,  we denote

S mn−1( )  =  b ga k m l m g Sn
k

n
l n

− −
−≥ ≥ ∈{ }1 1

2, , ( )C

\ U K K K( ×( ) ⋅ = = − ≥ ∈{ }− − − −
− −b b b b s x a a a a i j p n k m s Sn

m
n
i i i j j

n
j

n
k

p p
n n

1 2 1 0 1 2 1
2 1 0 0 1 2 0 0 2{ } { } , , , , ,

U U K K Kb b b b s x a a a a i j p n k m s Sn
k

n
i i i j j

n
j

n
m

p p
n n

− − − −
− −×( ) ⋅ = = − ≥ ∈{ } )1 2 1 0 1 2 1

2 1 0 0 1 2 0 0 2{ } { } , , , , , .

Let    
˜ ( )BN n− −1 11   be the base of the topology  τ̃n−1  at the point   1 1

1
n

n S−
−∈C ( ).  The family

      
˜ ˜, ( , ) ( ) ( ),B BN n

i
n
j

n
i j

n
i

n
j

n
i

n n
j

N nb a M U m b Ua b S m a U mn n n n n n n n( ) = = ∈ ∈{ }−
−

−
− −U 1

1
1

1 11 �

satisfies conditions (BP1) – (BP3) in [4] and, hence, defines the base of the topology  τ̃n  at the points  b an
i

n
jn n ,

where  in ,   jn ∈�.

Lemma 2.  If  S  is a topological (inverse) semigroup, then  
    

C n
nS n( ), τ̃( ) ∈{ }�   is a family of simple

topological (inverse) semigroups.

The proof of Lemma 2 coincides with the proof of Lemma 2 in [2].

For arbitrary  k ∈�  and  n ∈�,  denote  L b ga i j k g Gk
i j0 = − = ∈{ },   and  Lk

n   =  b tan
i

n
jn n{ i j kn n− = ,

  
t Sn∈ }−C 1( ) . 

Proposition 4.  For arbitrary   i ∈ +� ,  k ,  p ∈�,  the subspaces  Lp
i   and Lk

i   in  C i
iS+
+( )1

1( ), τ̃   are

homeomorphic.

Proof.  It obviously suffices to show the homeomorphicity of the spaces  Li
0  and  Lk

i . 
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Let  k > 0.  We denote the maps    a S Sk
i i: ( ) ( )C C+ +→1 1   and  bk:   C Ci iS S+ +→1 1( ) ( )  as follows: a x a xk

k( ) =
and  b x b xk

k( ) = .  Then the map f a L Lk L k
i i

k
i= →: 0  is a homeomorphism since f bk Li

− =1
0

 and 
  
C i

iS+
+( )1

1( ), τ̃

is a topological semigroup.  If  k < 0,  then  a x xbk
k( ) =   and  b x xak

k( ) = .  

Lemma 3.  For any   k ∈ +� ,,  the semigroup  Lk
0   is a connected subsemigroup of the topological semigroup

  
C k

kS+
+( )1

1( ), τ̃ .

Proof.  Let  k = 0 .  It suffices to show that  
  
S b sa s G b ai i i i i

0
1 1= ∈{ } { }+ +U   is a connected subsemigroup

in  C 0
0( ), ˜S τ( ).  Since, for arbitrary  i S S b ai i i i∈ = { }+ + +�: 0 0

1 1 1I ,  Si
0  and  S0

0  are homeomorphic subspaces in

  
C 0

0( ), ˜S τ( ),  and since    L Sn
n

0
0

1 0= =
∞U ,  the connectedness of  S0

0  implies the connectedness of  L0
0 .

Suppose that  S0
0  is a disconnected subspace in  C 0

0( ), ˜S τ( ).  Then there exist  A B S, ˜∈τ0 0
0   such that

  S A B0
0 = U ,  A BI = ∅,  A ≠ ∅ ,  B ≠ ∅ .  Let  ba B∈ .  Then    B S x XI ×( ) ≠ ∅exp { }( )ω 0 .  For arbitrary  s S∈ ,

denote    A s A S x X( ) exp { }( )= ×( )I ω 0   and    B s B S x X( ) exp { }( )= ×( )I ω 0 .  Hence,

1) A s( ) ≠ ∅   and  B s( ) ≠ ∅,

2)   A s B s( ) ( )I = ∅ ,

3)   A s B s s x X( ) ( ) { } exp { }( )U = × ω 0 ,

4) A s( )   and  B s( )  are open subsets in  { } exp { }( )s x X× ω 0   

for any  s S∈ ,  what contradicts Proposition 1 since the subspace  { } exp { }( )s x X× ω 0   in  C 0
0( ), ˜S τ( )  is

homeomorphic to  exp { }( )ω x X0 .
Suppose that the statement of Lemma 3 is satisfied for  k n< .  Since the connectedness of the subsemigroup

S b a s S b an
i

n
i

n
j n

n
i

n
i= ∈{ } { }− + +C 1 1 1( ) U ,   i ∈ +� ,  implies the connectedness of the semigroup  Ln

0  and since  Sn
0

and  Sn
i   are homeomorphic subspaces in  

  
C n

nS( ), τ̃( )  for arbitrary    i ∈�,  it suffices to prove the connectedness of

the semigroup  Sn
0.  Let  Sn

0  be not a connected subsemigroup in  
  
C n

nS( ), τ̃( ).  Then there exist  An , Bn n∈τ̃   such

that  S A Bn n n
0 ⊂ U ,    A Bn nI = ∅,  A Ln

nI 0
1− ≠ ∅ ,  and  B Ln

nI 0
1− ≠ ∅ .  Denote    Ã A Ln n

n= −I 0
1  and

  B̃ B Ln n
n= −I 0

1.  Then

1) Ãn ≠ ∅   and  B̃n ≠ ∅ ,

2) ˜ ˜A Bn nI = ∅,

3)   
˜ ˜A B Ln n

nU = −
0

1,

4) Ãn   and  B̃n   are open subsets in  Ln
0

1− ,

which contradicts the assumption of connectedness of  Ln
0

1− .  This contradiction implies the statement of Lemma 3.  

The following theorem gives an affirmative answer to the question posed by I. V. Protasov, namely, whether
there exist countable connected topological inverse semigroups:
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Theorem 1.  An arbitrary countable topological (inverse) semigroup is topologically isomorphically
embedded in a countable simple connected Hausdorff topological (inverse) semigroup with identity. 

Proof.  The family  
    

C n
nS n( ), τ∗ +( ) ∈{ }�   satisfies the conditions of Proposition 1 in [2].  We set

      
C Cω( ) ( )S S nn= ∈{ }+U � .  The topology  τ  on   C

ω ( )S   is generated by the family  
  

B Cω ω( ) ( )s s S| ∈{ },  where

      
B B Bω( ) ( ) ( )˜ ˜s s s

n
n n=



∈ +

U
�

    is the base of the topology  τ̃n  at the point    
  
s S

i

i∈ =

∞
U

1
C ( ) .

Since  
    
C ω( )S L

i

n=
=

∞
U

1
0,  it follows from Corollary 6.1.10 in [4] that  

  
C ω τ( ),S( )   is a connected countable Hausdorff

topological semigroup.  In this case, if  S  is a topological inverse semigroup, then so is  
  
C ω τ( ),S( ) .  

Corollary 1.  An arbitrary countable topological inverse Clifford semigroup is topologically isomorphically
embedded in a countable connected Hausdorff topological inverse Clifford semigroup.

Corollary 2.  An arbitrary countable topological semilattice is topologically isomorphically embedded in a
countable connected Hausdorff topological semilattice.

Note that all the results obtained for countable topological semigroups are directly applied to topological
semigroups of power  λ.  However, the reasoning presented in [2] implies a stronger statement, namely, an
arbitrary topological (inverse) semigroup of power  λ  is topologically isomorphically embedded in a simple
linearly connected topological (inverse) semigroup with identity of power  min{ , }λ � .

It is obvious that if one considers the Hartman – Mycielsky theorem [7] and its corresponding analog for simple
topological semigroups [2], then there exists no analog of the results obtained in this paper in the category of
topological groups since countable connected separated topological semigroups do not exist (see, e.g.,
Corollary 6.1.3 in monograph [4]). 
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